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ADVERTISEMENT. 

None but those who are just entering upon 
the study of Mathematics need to be informed 
of the high character of Euler's Algebra. It 
has been allowed to hold the very fh*st place 
among elementary works upon this subject. 
The author was a man of genius. He did not, like 
most writers, compile from others. He wrote 
from his own reflections. He simplified and im- 
proved what was known, and added much that 
was new. He is particularly distinguished for the 
clearness and comprehensiveness of his views. 
He seems to have the subject of which he treats 
present to his^ mind in all its relations and 
bearings before he begins to write. The parts 
of it are arranged in the most admirable order. 
Each step is introduced by the preceding, and 
leads to that which follows, and the whole taken 
together constitutes an entire and connected 
piece, like a highly wrought story. 

This author is remarkable also for his illus- 
trations. He teaches by instances. He presents 
one example after another, each evident by 
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^elf, and each throwing some new light upon 
the subject, till the reader begins to anticipate 
for himself the truth to be inculcated. 

Some opinion may be formed of the adapta- 
tion of this treatise to learners, from the cir- 
cumstances under which it was composed. It 
was undertaken after the author became blind, 
and was dictated to a young man entirely with- 
out education, who by this means became an 
expert algebraist, and was able to render the 
author important services as an amanuensis. 
It was written originally in German. It has 
since been translated into Busisian, French, and 
Englisbf with notes and additions. 

The entire work consists of two volumes 
octavo, and contains many things intended for 
the professed mathematician, rather than the 
general student. It was thought that a selec- 
tion of such parts as would form an easy intro- 
duction to the science would be well received, 
and tend to promote a taste for analysis among 
the higher class of students, and to raise the 
character of mathematical learning. 

Notwithstanding the high estimation in which 
this work has been held, it is scarcely to be met 
with in the country, and is very little known in. 
England. On the continent of Europe this 
author is the constant theme of eulogy. His 
writings have the character of classics. They 
are regarded at the same time as the most 
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profound and the most perspicnous, dn% u, 
aSbrding the finest models of analysis. They 
famish the germs of the most approved ele- 
mentary works on the different branches of this 
science. The constant reply of one of the first 
mathematicians^ of France to those who con- 
sulted him upon the best method of studying 
taiathematics was, '^ study Euler.^^ '^ It is need* 
less," said he, "to accumulate books; true 
lovers of mathematics will always read Euler; 
because in his writings every thing is clear, 
distinct, and correct ; because they swarm with 
excellent examples ; and because it is always 
necessary to have recourse to tlie fountain 
head." 

The selections here offered are from the first 
English edition. A few errors have been cor- 
rected and a few alterations mode in the 
phraseology. In the original no questions were 
left to be performed by the learner, A collec- 
tion was made by the English translator and 
subjoined at the end with references to the 
sections to which they relate. These have been 
mostly retained, and some new ones have been 
added. 

Although this work is intended particularly 
for the algebraical student, it will be found to 
contain a clear and full explanation of the futi- 
damental principles of arithmetic ; vulgar frac- 

* Lag^range. 
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^, the doctrine of roots and powers, of the 
iiifferent kinds of proportion and progression, 
are treated in a manner, that can hardly fail to 
interest the learner and make him acquainted 
with the reason of those rules which he has so 
frequent occasion to apply. 

A more extended work oui Algebra formed 
after the same model is now in the press and will 
soon be published. This will be followed by 
other treatises upon the different branches of 
pure mathematics. 

JOHN FARRAR, 

ProlbHor of Mathematics and Natural Phikiophy in tko 
If Miwwity rt C— Tifidi». 

Cambridge, Februarj* 1818. 
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CHAPTER I. 

Of Mathematics in general. 

<•» 
% 

ABTICLE I* 

Whatsyeb is capable of increase or diminutioii^ is called 
magnit'ude or quantity. 

A sum of money, fur instance, is a quantity, since we may in- 
crease it or diminish it The same may be said with respect to 
any given weight, and other things of this nature. 

£• From this definition, it is evident, that there must be so ma- 
ny diflfei-ent kinds of magnitude as to render it difficult even to 
enumerate them : and this is the origin of the different branches 
of mathematics, each being employed on a particular kind 
of magnitude. Mathematics, in general, is the science of quan-^ 
tity; or the science which investigates the means of measuring 
quantity. 

3. Now we cannot measure or determine any quantity, 
except by considering some other quantity of the same kind 
as known, and pointing out their mutual relation. If it were 
proposed, for example, to determine the quantity of a sum of 
money, we should take some known piece of money (as a dollar^ 
a crown^ a ducat, or some other coin,) and shew how many of 
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remains 25 ; ibis last remainder is the value of the expression. 
But ns the numbers 1 9 3, 5, 7, 9, are all to be subtracted, it is 
the same thing if we subtract their sum, nvhich is 25, at once 
from 50, and the remainder will be 25 as before. 

Id. It is also very easy to determine the value of similar 
expressions, in which both the signs + plus and — mimms are 
found : for example ; 

1«2 — 3 — 5 -(- 2 — ^ 1 is the same as 5. 
We have only to collect separately the sum of the nnmbars that 
have the sign -f before them, and subtract fh>m it the sum of 
those that have the sign — • The sum of 12 and 2 is 14 ; that' 
of 3, 5 and 1, is 9 ; now 9 being taken from 14, there remains 5. 

14. It will be perceived from these examples that the order 
in which we write the numbers is quite indifferent and arbUrarifp 
provided the proper sign of each be preserved. We might with 
equal propriety have arranged the expression in the preceding 
article tlius ; 12 +2 — 5 — 3—1, or 2 — l — . 3 — 5 + 12, or 2-|. 
IS — 3 — 1 — 5, or in still diffei-ent orders. It must be observed, 
that in the expression proposed, the sign + id supposed to be 
placed before the number 12. 

15. It wHl not be attended with any more difficulty, if, in 
order to generalize the>se operations, we make use of letters 
instead of real numbers. It is evident, for example, that 

a — 6 — c + d — e 
signifies that we have numbers expressed by a and rf, and that 
from these numbers, or from their sum, we must subtract the 
numbers expressed by the letters b, c, e, N\hich have before them 
the sign — -r. 

16. Hence it is absolutely necessary to consider what sign is 
prefixed to each number : for in olgdfra, simple quantities are 
numbers considered with regard to the signs which precede^ or 
affect them. Further, we call those positive quantities, before 
which the sign -f is found ; and those are called negative quan* 
tities, which are affected with the sign — -• 

17. The manner in which we generally calculate a person'9 
property, is a good illustration of what has just been said. We 
denote what a man really possesses by positive numbers, using, 
or understaning the sign -f i whereas his debts are represent- 



of Simple flHonlities. 5 

I by negntivc numbers, or by using tbe sign — . Thuti, wben 
I is snid uf any one tbat be baa 100 crowns, but owes 50, tbis 
wans tbat his jiroperty really amounts to 100 — SO;ot',wbich 

e same tiling, 4- 100 — 50, tbat is to say 50. 

I 18. As negative numbers may be consiilci-cil as riebts, because 

F|K)8it)ve numbers represent real imssessions, ne may say tbat 

[ negative numbers are Wan tban noibing. Thus, wlien a man 

' Itaa notbiiig in tbe world, and even owes 50 crowns, it is ccituin 

that be baa 50 crowns loss than notbiiig ; fur if any one wn-e to 

make bim a present of 50 crowns to )iay bis debts, tie wmild 

still be only at the (lulnt notliing, tbougb really rkber Lhau 

before. 

19. In tbe same manner tbereforc as positive numbei's are 
iocontestably greater than nothing, negative numbers arc less 
tban notliing.* Now we obtain punilive numbers by adding 1 to 
0, that is to say, to notbiiig; and by continuing always to in. 
crease thus from unity, Tbis is tbe origin of tbe scries of num- 
bers called Jtalural jtumbers f Ihc fdlowing are tlie leading terms 
of tbis series ; 

0, + 1, + 2, + 3, + 4, + 5, + e, + 7, + 8, + 9, + 10, 
and so on to infinity. 

But if instead of continiiingtbia series by successive additions, 
we continued it in tbe opposite direction, by perpetually sub- 
tracting unity, we should have tJie series of negativo numbers : 
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and so on to infinity. 

m * By being less than nothing ia meant simply Qui they are of such a natiu« 
Psitocuncelor destroy an equal number with the sign plus berare it, an that 
-^^or — aisasreilly a positive thing, and is as easily conceived, as +4 or 
+a. The quantity 4 or o may be considered inilependiaitly of ila aijfn. Tlie 
RiKn+ ''■>nl>^ ^"f '''^ ']""'''i^y ^ to be added, and the sign — tlinl it i& to 
be aubtructcd. Tbia stibject may be iiluEtrated by tlie scale of a thcnnorne' 
ter. Aflcr obaerving' the mercury to stand at SO", for inblance, I am teild, 
tbat it bus cliunged 4°, 1 have a dislinit idea of the pottion of the scale de- 
noted by four of its divisinna, without applying tlirm in any puiiciiUr direc- 
tion. Hut when I am further informed ,tbat tliis change of tbe lljcrniuineter 
is — or lain-aciivi: with respect to iti former atate, I then understand that 
tbe mercury atiinda at 46°, whereas it would be at 54° if the cliang;e had been 
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$0* All these mimbers, ^^hether p08iti?e or negative^ have tiie 
known appellation of whole numbers, or integers, which conse- 
quently are either greater or less than nothing. We call them 
tn^e^er^y to distinguish them from fractions, and from several 
other kinds of numbers of which we shall hereafter speak. For 
instance, 50 being greater by an entire unit than 49, it is easj" 
to comprehend that there may be between 49 and 50 an infinity 
of intermediate numbers^ all greater than 49, and yet all less 
than 50. We need only imagine two lines, one 50 feet the 
other 49 feet long* and it is evident that there may be drawn an 
infinite number of lines all longer than 49 feet, and yet shorter 
than 50, 

21. It is of the utmost importance through the whole of 
algebra, that a precise idea be formed of those negrative quanti- 
ties about which we have been speaking. I shall content myself 
with remarking here that all such expi*essions, as 

+ 1 — I, + 2— 2, + 3 — 3, + 4 — 4, &C. 
are equal to or nothing. And that 

-|. 2 — « 5 is equal to — 3. 
For if a person has 2 crowns, and owes 5, he has not onlf 
nothing, but still oues 3 crowns : in the dame manner, 

7 — - 12 is equal to — 5, and 25 — 40 is equal to — 15. 

22. The same observations hold true, when, to make the 
expression more general, letters are used instead of numbers : 
or nothing will always be the value of + a — o. If we wish to 
know the value +a — 6 two cases are to be considered. 

The first is >%hen a is greater than 6 ; 6 must then be sub- 
tracted from Of and the remainder (befot*c which is placed or 
understood to be placed the sign -f) shews the value sought. 

The second case is that in which a is less than b : here a is 
to be subtracted from b, and the remainder being made negative^ 
by placing before it the sign — , will be the value sought. 
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CHAPTER III. 

(If the MuUipticatwn of Simple Quantities. 

SS. When there are two or more equal numbers to be added 
together, the expression of their sum may be abridged ; for, 
example, 
. a -f a is the same with 2X0, 

a + a + a 3 x Of 

a + a + a + a 4 x a, and so on ; where x is the sign 

•f multiplication. In this manner we may form an idea of mul- 
tiplication ; and it is to be observed that^ 
S X a signifies £ times, or twice a 
^Sx a 9 times, or thrice a 

4 X a 4 times a, &c. 

24. Jf therefore a number expressed by a letter is to be multiplied 
iy any other number ^ we simply put that number before the letter :j 
thus, 

a multiplied by 20 is expressed by SO a, and 

b multiplied by SO gives 30 6, &c. 

It is evident also that c taken once, or 1 c, is just c. 
• 25. Further, it is extremely easy to multiply such products 
again by other numbers ; for example : 

£ times, or twice 3 a makes 6 a, 
3 times, or thrice 4 b makes 1£ b, 
5 times 7 x makes 35 x, 

and the^e products may be still multiplied by other numbers ai 
pleasure. 

£6. When the numberf by which we are to multiply, is also re- 
presented by a letter f we place it immediately before the other letter; 
thus, in multiplying b by a, the product is written ab ; and p q 
will be the product of the multiplication of the number q by p. 
If we multiply this p q again by a, we shall obtain ap q. 

£7. It mav be remarked here, that the order in which the letters 
are joined together is indifferent; that a 6 is the same thing as 6 a ; 
for b multiplied by a produces as much as a multiplied by b» 
To understand this^ we have only to substitute for a and b 
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known numbers^ as 3 and 4 ; and the troth will be self-evident ; 
for 3 times 4 is the same as 4 times 3. 

£8. It will not be difficult to perceive, that when you have to 
put numbers, in the place of letters joined together, as we have 
described,, they cannot be written in the same manner by put- 
ting them one after the other. For if we were to write 34 for 
3 times 4, we should have 34 and not 12. When therefore it is 
required to multiply common numbers, we must separate them 
by the sign x, or points : thus, 3 x 4, or 3*4^ signifies 3 times 4, 
that is 12. So, 1 X £ is equal to S ; and 1x^X3 makes 6. In 
like manner 1x2x3x4x56 makes 1344 ; and 1 x 2 X 3 
X4x5x6x7x8x9xl0i8 equal to 36S8800, &c, 

£9. In tb6 same manner^ we may discover the value of an 
expression of this form, 5 * 7 * 8 a fr c d. It shews that 5 must be 
multiplied by 7, and that this product is to be again multiplied 
by 8 ; that we are then to multijdy this product of the three 
numbers by «, next by ft, and then by e, and lastly by if. It may 
be observed also, that instead of 5 x 7 x 8 we may write its value^ 
£80 ; for we obtain this number when we multiply the product 
of 5 by 7 or 35, by 8. 

30. The results which arise from the multiplication of two or 
more numbers are called products ; and the numbers^ or indivi- 
dual letters, are called /actors. 

31. Hitherto we have considered only positive numbers, and 
there can be no doubt, but that the products which we have 
seen arise are positive also : viz. +ahj +b must necessarily 
give +ahm But we roust separately examine what the multipli- 
cation of -I- a by *-* 6, and of — a by — 6, will produce. 

3£. Let us begin by multiplying— a by 3 or -f 3 ; now since 
— a may be considered as a debt, it is evident that if we take 
that debt three timesy it must thus become three times greater, 
and consequently the required product is ^-« 3 a. So if we multi- 
ply — a by + i, we shall obtain — ft a, or, which is the same things 
-^ab. Hence we conclude, that if^a positive quantity be multi- 
plied by a negative quantity, the product will be negative ; 
and lay it down as a rule, that + by + makes -f , or plm, and 
that on the contrary + by — , or — by + gives — , or mintis. 
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33. It remains to resolve the case in which — is multiplied by 
— - ; or, for example, — a by — 6. It is evident, at first sight, 
iHTith regard to the letters, that the product will be a &; but it is 
doubtful whether the sign -f , or the sign — , is to be placed before 
the product ; all we know is, that it must be one or the other of 
these signs. Now I say that it cannot be the sign — : for -^ a 
by -f ft gives »— a &, and — a by — 6 cannot produce the same re- 
sult as — a by -f 6; but must produce a contrary result, that is to 
say, -f a ft ; consequently we have the following rule : — - multipli- 
ed by — « produces +, in the same manner as -f multiplied by +.^ 

* It is a subject of great embarrassment and perplexity to learners to con- 
ceive how the product of two negative quantities riiould be positive. This 
artsfa from the idea they receive of the nature of multiplication as explained 
and applied in arithmetic, .where positive quantities only are employed. The 
term is used in a more enlarged sense when negative quantities are concerned, 
as may be shown without making use of letters. If I wished to multiply, for 
instance, 9 7- 5 (or 9 diminished by 5) by 3, 1 should first find the product of 
S by 3 or 27» But tliia is evidently taking the multiplicand too great by 5, 
and of course the product too great by 3 times 5 ; I accordingly write for the 
product 27^ 15, equivalent to 12, which is the product that would arise 
from first performing the subtraction indicated by the sign -*, and using the 
xtsult as the multiplicand* Thus, 

Multiplicand 9 — 5 which is equal to 4 
Multiplier 3 3 

Product 27—15 which is equal to 12 
. Let us now take for the multiplier the quantity 7 -— 4, which is equivalent 
to 3. We multiply, in the first place, by 7, in the manner that we have 
just done by 3, and the result is 63 — 35, But as the multiplier is 7 diminish- 
ed by 4, multiplying by 7 must give 4 times too much. Accordingly we take 
4 times the multiplicand, or 36 ^ 20, and subtract this fi-om 63 — 35^ or 7 
times the multiplicand* Now in making this subtraction it is to be observed 
that the subtrahend 36—20 is 36 diminished by 20, and if we subtract 36 we 
take away too much by 20, and must therefore add this latter quantity. Con- 
sequently the true product will be 63 — 35 — 36 + 20, equivalent to 12, as be- 
fore. Thus this mode of proceeding gives the same result a& that obtained 
by first performing the subtractions indicated in the latter term of tlie multv- 
pliCMid and multiplier. The several steps in each case are as follows : 

Multiplicand 9 — 5 which is equal to 4 
Multiplier 7 — 4 which is equal to 3 

63— 3S Product 13 

— 36+20 



Product 63 — 35 — 36 + 20 or 83 — 71, that is 12. 
Euk Mg. 2 



\ 
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34. The rules which we have explained are expressed m 
briefly as follows : 
Like signs, muUiplied together, give -f ; urdQu or ctmtrary ^ 

Thus we see that 7 or +7 by— 5 gives ^35, and ~ 4 bj -I- 9 gives — 

and — 4 by — 5 gives -f. 20. The same general reasoning will apply when 
ters are used instead of numbers. 

Multiplicand a — 6 

Multiplier c — J 

ac — b€ 

--ad + bd 



Product ac — be — ad-^bd. 

We say in Uiis case that^ when we multiply a by c we take the multiplici 
too g^at by 6, and must therefore diminish the result a c by the product \ 
by c or 6 c. So also in multiplying the two terms of the multiplicand bj 
we have taken the multiplier too great by c^ and must therefore diminish 
, J result a c — &c by the product of a — 6 by c^ or o cf — - b d* But if we s 

\ tract the whole of a dy we subtract too much hy bd; bd must accordingly 

; added. 

The rule for negative quantities here illustrated is not necessary wh 

mere numbers are employed, because the subtraction indicated may always 

performed. But this cannot be done with respect to letters which stand 

^ no particular values, but are intended as general expressions of quantity 

■ I The truth of the rule may be shown also when applied to quantities tal 

singly. We say that multiplying one quantity by another is taking one 
many times as there are units in the other, and the result is tlie same, whi 
ever of the quantities be taken for the multiplicand. Thus multiplying 9 b 
is taking 9 three times, or, which is tlie same thing, taking 3 nine tii 
(Arith. 27). But in arithmetic, quantities are always taken affirmative 
that is additively. When therefore we take 9 or + 9 three times additively, 
+ 3 nine times additively, the result will evidently be additive or + 27. W] 
on the contrary one of the factors is negative, as for instance, in multiply] 
<— 5 by 4- 3 ; in this case, — 5 is to be taken tliree times additively, and - 
( ^ added to — 5 added to — 5 is clearly — 15. So also if we consider + 3 as ' 

multiplicand, then + 3 is to be taken five times subtractively ; now 3 tal 

!', subtractively once (or which is the same thing 3 x — 1) is equivalent to — 

. taken subtractively twice is — 6, three times is — 9, five times is — 15. B 

I i when the multiplicand and multiplier are both negative, as in the case of m 

tiplying — 5 by — 4 ; here a subtractive quantity is to be taken subtractive 
that is, we are to take away successively a diminishing or lessening quanti 
which is certainly equivalent to adding an increasing quantity. Thus if 
take away — 5 once, we augpnent the sum with which it is to be conneci 
by + 5 ; if we take away — 5 twice, we make the augmentation -I- 10 ; if fd 
times, + 20 ; that is, i» 5 x — 4 is equivalent to + 20« 






give — . Thus, when it is required to multiply the following 
iiHiubera ; + o, — b, — c,+ii; wc have first + a multiplied Iiy 
— b, wliich mak«s — aft; this by — c, gives + abci aud tliis by 
+ (i,givea +abctl. 

35. The ililSculties with i-espcct to the si^s being removed, 
we have only to tthew how to multiply numbeis thiit are them- 
selves products. If we were, for instance, to multiply the 
number a b by (he number c d, the product would be a be d, and it 
is obtained by multiplying lirst ab by c, and then the result of 
that m u It i plication by d. Or, if we had to multiply S6 by 13 ; 
aince 12 is equal to 3 times 4, we should only multiply S6 first by 
3, and then the product 108 by 4, in order to have the whole pro- 
duct of the multiplication of la by 36, which is consequently 432. 

S6, But if we wished to multiply 5 a 6 by 3 c d. we might write 
Sedxiab; however, ns in the present instance the order of tlie 
numbers to be multiplied is indifferent, it will be better, as is 
aUn the custom, to place the common numbers before the letters, 
xndtoeJipress the product thus ; 5 X Saftct/, orl5a/'cd;since5 
times 3 is 15. 

So if we had to multiply iSp^r by 7i£y, we aliouldobtaia 

X rpgrxy, OP 84pgray. 



CHAPTER IV. 



I 

^^V 37. We have observed that a product is generated by the 
^^Diultlplication of two or more numbers together, and that these 

nombers are called Jiidors. Thus the numbers a, b, c, d, are 

the faclnis of the product a ted. 

SB. If, tbcrelbre, we consider all whole numbers as products 

of two or more numbers multiplied together, we shall soon find 

that some cannot result from such a multiplication, and cunse- 

Iuently have not any factors ; while others may be the products 
t two or more multiplied together, and may consequently have 
Iro or more factui-s. Thus, 4 is produced by 2x2; 6by2x3j 
Iliy2x2x2; or27by3x3x3; and 10 by Sx 5, &c. 
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39. But, on the other hand, the numbers, 2, 3, 5, Tf 11, \i 

17, &c., cannot be represented in the same manner by factor 
unless for that purpose we make use of unity, and represent 5 
for instance, by 1 x S« Now the numbers which are multiplie 
by 1, remaining the same, it is not proper to reckon unity as 
factor. 

All numbers therefore, such as 2, S, 5, 7, 11, 13, 17, &( 
which cannot be represented by factors, ai-e called simple, c 
prime numiers ; whereas others, as 4,6, 8, 9, 10« 12, 14, 15, 1( 

18, &c. which may be represented by factors, are called compoun 
numbers. 

40. Simple or prim^e numbers deserve therefore particula 
attention, since they do not result from the multiplication of tw 
or more numbers. It is particularly worthy of observation tht 
}f wc write these numbers in succession as they follow each othc 
thus; 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, &c. 
we can trace no regular order ; their increments are sometime 
greater, sometimes less ; and hitherto no one has been able 1 
discover witether they follow any certain law or not. 
^ ^ 4\. M compound numbers^ which may be represented byfador 

fl result from the prime numbers above mentioned ; that is to say, c 

j"^ their factors are prime numbers. For, if we find a factor whic 

IS not a prime number* it may always be decomposed and repn 
sented by two or more prime numbers. When we have repn 
i \ sented, for instance, the number 30 by 5 x 6, it is evident that 

' I not being a prime number, but being pniduced by 2x3, ^ 

i might have represented 30 by 5 x 2 x 3, or by 2 x 3 x 5 ; ths 

^ik, is to say, by Eactors, which are all prime numbers^ 

i . j 42. If we now consider those compound numbers which ma 

.,^1 be resolved into prime numbers, we shall observe a great diffei 

ence among them ; we shall find that some have only two factor 



i 



rX 



'j' that others have three, and others a still greater number. Vi 

have already seen, for example, that 



■ 



4 is the same as 2x2« 
8 2X2X2, 



6 is the same as 2x3, 
9 SxO, 

12 2x3x2, 

15 S+5, 

16 2x2x2x9, land so on. 



10 2X5, 

14 2X7, 






1*5. 
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t-43. H«nre U in easy to find a method for analysing any niim- 
r resolving it into Us simil'' factors. Let tliere be pro- 
"]»osmI» f«r instance, tlie number 360 ; we shall represent it first 
by 3 X ISO. Now 1 80 is equal to 3 X 00, and 

45 I is the same as < 3x ^5, and lastly 
15 J isx 5. 

80 that the number SCO may be represented by these simple 
fortors. 2x3x3x3x3x5; since all these nambers tnultiplied 
togf^ther produce 360. 

44. Tills shews, that the prime nambcrs cannot be divided by 
other numbcra, and on the other hand, that tke simple factors of 
compound numbers are found, most convenientlii and tvUh the great- 
est certainty, by setking the simple, or prime nuTobers, by v/hich 
those compound numbers are divisible. But Cor tbis, division is 
necessary ; ne Hbull therefore explain the rules of that operation 
in the following cliapler. 



i 



CHAPTER V. 



(^ the Bivisimi of Simple Quantities. 

4.'!. Whbit a number is to be separated into two, three, or 
biore equal parts, it is done by means of division, which enables 
Bs to determine the magnitude of one of those parts. When we 
vish, for example, to separate the number liJ into three equal 
parts, we find by division that each of those parts is equal to 4. 

The following terms are made use of in this operation. The 
number, which is tn be decompounded or divided, is called the 
iividend ; the number of equal parts sought is called the divisor ; 
the magnitude nf one of those parts, determined by the division, 
M called tlie quotient ; ttius, in tlie above example ; 
12 is the dividend, 

3 is the divisor, and 

4 is the quotient. 
46. It follows from this, that if we divide a number by 3, or 

tto two equal parts, one of those parts, or the quotient, taken 
iwice, makes exactly the nmubcr proposed ; and, in the 




a same J 

m 
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manner^ if we Iiave a number to lie divided by 9, the quotient 
taken thrice must give the same number ag&in* In general, the 
muttipUcatian cfihe qmiient hy the divUor must always reproduce 
the dividend. 

47. It is for this reason that division is caHed a rule^ 
which teaches us to find a number or quotient, which, being 
multiplied by the divisor, will exactly produce the dividend. 
For example, if 35 is to be divided by 5, we seek a number 
which^ multiplied by 5, will produce 35. Now this number is 
7, since 5 times 7 is 35. The mode of expression, employed 
in this reasoning, is ; 5 in 35, 7 times ; and 5 times 7 makes 
35. 

48. The dividend therefore may be considered as a product^ 
of which one of the factors is the divisor, and the other the 
quotient* Thus, supposing we have 63 to divide by r, we en- 
deavour to find such a product, that taking 7 for one of its 
factors^ the other factor multiplied by thii^ may exactly give 63. 
Now 7 X 9 is such a product, and consequently 9 is the quotient 
obtained when we divide 63 by 7. 

49. In general, if we have to divide a number a 6 by a, it is 
evident that the quotient will be b ; for a multiplied by h gives 
the dividend ah. It is clear also, that if we had to divide a 6 by 
Ij the quotient would be a. And in all examples of division 
that can be proposed^ if we divide the dividend by the quotient^ 
we shall again obtain the divisor ; for as ^ divided by 4 gives 
€^ so 24 divided by 6 wUl give 4. 

50. As the whole operation consists in representing the dividend 
by two factors, of which one shall be equal to the divisorf Hie other 
to the quotient; the following examples will be easily understood. 
I say first, that the dividend abCf divided by Oy gives be; for a^ 
multiplied by b c, produces ahe: in the same manner abc, being 
divided by 6, we shall have ae; and ahc, divided by a c, gives h. 
I say also, that 12 m ti, divided by 3 m, gives An; for 3 m, multi- 
plied by 4 T2, makes 13 ra n. But if this same number 12 m n had 
been divided by 12, we should have obtained the quotient mn. 

51. Since every number a may be expressed by 1 a or (m« a, it 
is evident that if we had to divide a or 1 a by 1^ the quotient vroidd 
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e tbe same number a. But, on the contrary, if the same numbci- 
«, or la is to be tiivided by a, the quotient will be 1. 

52. It often happens that we cannot represent the dividend as 
the product of two factors, of which one is equal to tlie divisor > 
and then the division CRnnat bo performed in the manner we 
bave described. 

When wo have, fur example, 24 to bo divided by 7, it is at 
first siglit obvious, tliat the number 7 is not a factor of 24 ; for 
tlic product of 7 X 3 is only 21, and consetiuently too small, and 
7X4 makes 48, which is greater than 24. We discover however 
from this, that the quotient must be greater than S, and less than 
4. In order therefore to determine itexactlyi we employ another 
species of numbers, which are called fractwas, and which wo 
sbalt consider in one of the following chapters. 

53. Unlil the use of fractions is considered, it is usual to rest 
eatisfieil with the whole number which appronchcs nearest to 
the true quotient, but at tbe same time paying attention to the 
remainder w bich is left j thus we say, 7 in 24, 3 times, and the 
remainder is S, because 3 times 7 proiiuccs only £1, which is 3 

, less than 34. We may consider the following examples in the 

rme manner : 
6)34(5, that is (o say, the divisor ia 6, the dividend 34, 
30 the quotient 5^ and the remainder 4. 
Th. 



9)41(4, here the divisor is 9, the dividend 41, the quo- 
tient 4, and the remainder 5. 



The following rule is to be observed in examples wliere there 
n a remainder. 

54. If we mtdtiply the divisor by the quoiienl, awl to the product 
adi the remainder, we must obtain the dividend ; this is the 
method of proving division, and of discovering whether the 
calculation is right or nut. Thus, in the first of the two last 
examples, if we multiply G by 5, and to the product 30 add the 
rcmaini!cr 4, wo obtain 34, or the dividend. And in the last 
example, if we multiply the divisor 9 by (he quotient 4, and to 

e product 36 add the remainder 5, we obtaia tlie dividend 4 1. 
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55. Lastly, it is necessary to remark heroy with regard to the 
signs + pl^ and — minuSf that if we divide + ab by -(- a» tlie 
quotient will be 4- bf which is evident But if we divide + ab 
by — Uf the quotient will be — b; because — a X — A gives + a fr. 
If the dividend is -^ a Ay and is to be divided by the divisor + a, 
the quotient will be— ^6; because it is— -69 whichy multiplied 
by + ^9 makes — a ft. Lastly, if we have to divide the dividend 
— a Ir by the diviHor — o, the quotient u ill be + ft ; for the divi- 
dend — a 6 is the product of — a by + ft. 

56. fVith regard therefore to the signs + and — 9 division admits 
the same rules that we have seen app&td in mtttttpftcotiim ; viz. 

+ by 4- requires -f- ; 4. by — requires *— ; 

— by + requires — 5 — by — requires + : 

or in a few words, like signs give plus, unlike signs give mtftus. 

57. Thus, when we divide 1 8 ji 9 by — 3 p, the quotient is — 6 q. 
Further; 

— 30 a: y, divided by -(- 6 y, gives — 5 xr, and 

— 54 a 6 c, divided by — 9 ft, gives + 6ac; .1 

for in this last example, — 9 ft, multiplied by + 6 a c, makes — 6 x 
9 a ft c, or — - 54 a ft c. But we have said enough on the division of 
simple quantities ; we shall therefore hasten to the explanation 
of fractions, after having added some fartlier i-emarks on tho 
nature of numbers, with respect to their divisors. 



CHAPTER VL 

Of the properties of integers with respect to their divisors. 

58. As we have seen that some numbers are divisible by cer-* 
tain divisors, while others are not ; in order that we may 
obtain a more particular knowledge of numbers, this difference 
must be carefully observed, both by distinguishing the numbers 
that are divisible by divisors from those which are not, and by 
considering the remainder that is left in the division of the 
latter. For this purpose let us examine the divisors ; 

2, 3, 4, 5, 6, r, 8, 9, 10, &C. 

59. First, let the divisor be 2 ; the numbera divisible by it 
ai-e S, 4, 6, 8, tO^ 12, 14, 16, 18, 20, &c. which, it appears 
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increase always hj two. These numbrrs, as Tar as (licy can be 
continued, are called even nmitbers. But tlici'e urc other iium- 
Jierst namely, 

1, 3, g, 7. 9, 11, IS, IS, 17, 19, &c., 
ftich are unirormly lessor greater than the former by unity, 
1 which cannot be divided by S, without the remainder l ; 
me are called odd numbers, 
• -The even numbci-s ai-e all Cflmprehended in (he general expres- 
sion S a ; for they are all obtained by successively substituting 
for a the integrrs I, 2, 3, 4, 5, 6, 7, &c., and hence it follows that 
the odd numbers are all comprehended in the expression 2 a +1, 
because 2a + J is greater by unity than the even number s a. 

60. In the second place, let the number 3 be the divisor ; the 
numbers divisible by it are, 

S, 6, 9, 13, 10, 18, 31, 34, ST, 30, and go on ; and these num- 
bers may he represented by the expression So; for 3 o divided 
by 3 gives the tjuolient a without a remainder. All other num- 
bcra, whicli we would divide by 3, will give 1 or 2 for a remain- 
der, and are con5oc|ueiitly of two kinds. Those which, after th« 
division leave the remainder I , are ; 

1,4,7, 10, 13, 16, 19, Sec, 
»nd are contained in the expression 3 a + l ; but the other kind, 
where the numbei-s give the remainder 2, are; 

2, 5,8, 11, 14, 17, 30, &c., 
and they may be generally expressed by 3 a + 2 ; so that all 
numbers may be expressed cither by 3 a, or by Sa + I, or by 
3a + S. 

61. Let us row suppose that 4 is the divisor under considera- 
tion : tlie numbers which it divides are ; 

^B 4, 8. 12, 16, 20, 24, &C., 

^^Huch increase uniformly by •!, and are compreliended in the 

^^p^i«ssiun 4 a. All other numbers, that is, those which arc not 

divisible by 4, may leave the remainder l, or be greater than 

the former by 1 : as 

1, 5,9, 13, 17,21,25, \c., 

>n<I consequently may be comprehended in tlie expreGsion 

4 a+ I: or they may give the remainder 2 ; as 
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:, 6, 10, 14, 18, 22, '36, &c., 
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and be expressed by 4 a -(- 2 ; or^ lastl jy thej may gire ili« 
remainder S ; as 

3, 79 11^ 15, 19, 23, 27, &C«, 
and may be represented by fhe azpretsion 4 a «f 3. 

All possible integral nambera are therefore contained in one or 
other of these four expressions ; 

4a, 4a-f.l, 4a + 2, 4a«f 3. 

62. It is neariy the same when the divisor is 5 ; for all nunn' 
hers which can be divided by it are comprehended in the 
expression 5 a, and those which cannot be divided by 5^ are 
reducible to one of the following expressions : 

5a-fl, 5a + ^ 5a-(.3, 5 a +4; 
and we may go on in the same manner and consider the greatest 
divisors. 

63. It is proper to recollect here what has been already said 
on the resolution of numbers into their simple factors ; for every 
number, among the factors of which is found, 

2, or 3, or 4, or 5, or 7, 
or any other number, will be divisible by those numbers. For 
example ; 60 being equal to2x2X3x5, itia evident that 60 
is divisible by 2, and by 3, and by 5. 

64. Further, as the general expression a ft c d is not only divi» 
sible by a, and 6, and c, and d, but also by 

abf ac, adf be, bd, cdf apd by 

abCf abdfttcdf ftcd, and lastly by 

abed, that is to say, its own value ; 
it follows that 60, or 2 x 2 x 3 x 5, may be divided not only by 
these simple numbers, but also by those which are composed of 
two of them ; that is to say, by 4, 6, 10, 15 : and also by those 
which are composed of three of the simple factors, that is to aay^ 
by 12, 20, 30, and lastly by 60 itself. 

65. When, therefore, rtve have represented any number, asmnifd 
at pleasure, by its simple factors, it roitl be very easy to shew aU 
the numbers by which it is divisible. For we have only, Jitstf to 
take the simple factors one by one, and then to multiply them U^getk' 
er two by two, three by three, four by four, ^c, tUt we arrive at 
the number proposed. 

66. It must here be particularly observed ; that every number 
is divisible by 1 ; and also that every number is divisible by 
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ftaoir ; BO Uiat crery number has at least two Tactors, or divisun, 
tlie number itself and unity: but every number, which has no 

i other divisor tlian tbe^e two, belongs to Die class of numbers, 
which we bave before called simple, or privie numbers. 
(■'Alt numbers, cxcojit these, have, beside unity and tbeni- 
•elveS) other divisors, as may be seen from the following table, 
b vhich are placed nnder each number all its divisors. 
r\2 
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67. Lastly) it ought to be observed that 0, or nothing, may be 
considered as a number which has the property of being divisi- 
ble by all possible numbers ; because by whatever number a 
we divide 0, the quotient is always ; for it must be remarked 
that the multiplication of any number by nothing produces noth- 
ing, hikI therefore times a, or a, is 0. 
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Of Fractions in general, 

68. AVhbi7 Bk number, as 7 for instance, is said not to be 

divisible by another number, let us suppose by 3, tliis onlj 

means, that the quotient cannot bo expressed by an integral 

number; and it must not be thought by any means that it is 



so Mg^bra* SecL I. 

impossible to fonn an idea of that quotient. Only imagine a 
line of 7 feet in lengthy no one can doubt the possibility of 
dividing this line into 3 equal parts^ and of forming a notion of 
the length of one of those parts. 

69. Since therefore we may form a precise idea of the quo- 
tient obtained in similar cases^ though that quotient is not an 
integral number^ this leads us to consider a particular species <tf 
nnmbersy called fracUons, or ftrofcen nwmbers. The instance 
adduced furnishes an illustration, if we have to divide 7 by S^ 
we easily conceive the quotient which should result, and exprese 
it by -I I placing the divisor under the dividend^ and sejparating 
the two numbers by a stroke, or line. 

70. So, in general, when the number ui is to he drridei hf the 

nwnber h, we represent the quotient by -r-y and call this farm of 

expression a fraction. We cannot therefore give a bettco* idea of 

a fraction -^, than by saying that we thus express the quotient 

resulting from the division of the upper number hy the lower. 
We must remember also, that in all fractions the lower num- 
ber is called the dfnoniinator, and that above the line the nume^ 
ratqr. 

71. In the above fraction, |, which we read seven thirds, 7 is 
the numerator, and 3 the denominator. We must also read |, two 
thirds; |, three fourths; 4, three eighths; j^j^j tyfehe hun- 
dredths ; and .^, one half. 

72. In order to obtain a more perfect knowledge of the 
nature of fractions, we shall begin by considering the case in 

which the numerator is teqnal to the denominator, as in •— • 

Now, since this expresses the quotient obtained by dividing a 
by a, it is evident that this quotient is exactly unity, and that 

consequently this fraction — is equal to 1, or one integer ; for 

the same reason, all the following fractions, 

1^ h h h h h h *c., 
are equal to one another, each being equal to 1, or one integer. 

73. We have seen that a fraction, whose numerator is equal to 
the denominator, is equal to unity. All fractions therefore, 
>vhoso numerators are less than the denominators, have a value 
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less than unity. For, if I Iiave h niimber to be divided by ano- 
ther wliich is greater, the result must necessarily lie less than 1 ; 
if we cut a line, for example, two feet long, into three parts, one 
of those {tarts will unquestionably be Bhorter than a font : it is 
evident then, that^ is less than 1, for the same reason, that the 
numerator 2 is less than the denominator 3. 

'4. If the numerator, on the contrary, be greater than the 
denominator, the value of the fraction is greater than unity. 
Thus I is greater than l, for | is equal to | together with ^. 
Now I is exactly 1, consequently 4 is equal to t -f- j. that in, to 
kii integer and a halT. In the same manner ^ is equal to 1^, 4 
to 1|. and I to 2-^. And in general, it is sufficient in such cases 
to divide the upper number by the lower, and to add to the 
quotient a fraction having the remainder for the numerator, and 
the divisor for the denominator. If the given fraction were, for 
example, ^^, we should have for the quotient 3, and 7 for 
the remainder; whence we conclude that ■}! is the same an 

75. Thus we see how fractions, whose numerators are greater 
ihan the denominators, are resolved into two parts ; one of 
which is an integer, and the other a fractional number, having 
the Domeratur less than the denominator. 8iich fractions as 
contain one or more integers, are called imprt^er fractions, to 
distinguish them from fractions properly so called, which, Itav- 
ing the numerator less than the denominator, are less than unity, 
or than an integer. 

76. The nature of fractions is frequently considered in an- 
other way, which may throw additional light on the subject. 
If we consider, for example, the fraction |, it is evident that it 
is three times greater than ^. Now this fraction ^ means, that 
if we divide 1 into 4 equal parts, this will be the value of one of 
those parts ; it is obvious then, that by taking 3 of timse parts, 
we shall have the value of the fraction |. 

In the same manner we may consider evrry other fraction j 
for example, -j7j ; if we divide unity into 12 equal parls> 7 of 
those parts will be equal to this fraction, 

?7. From this manner of considering fractions* the cxprfs- 
^ons numerator and denominator are derived. For> as in the 
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preceding fraction -f^^ the number under the line shews that 12 
is the number t>f parts into which unitj is to be divided } and aft 
it may be said to denote, or name the parts^ it has not improper^ 
ly been called the denominator. 

Further, as the upper number, namdy 7, shews that, in erder 
have the value of the fraction, we must take, or collect 7 df 
those parts, and therefore may be said to reckon, or number 
them, it has been thought proper to call the number above the 
line the fmmeraior. 

78« As it is easy to understand what | is, when we know the 
signification of -^i we may consider the fractions, whose nume* 
rator is unity, as the foundation of all others. Such are the 
firactions^ 

¥» T» T» 7» T> T» T> T> TIT* TT> T¥» ''**•» 

and it is observable that these fractions go on continually dimiii« 
ishiiig ; for the more yon divide an intqper, or the greater tha 
number of parts into which you distribute it, the less does each 
of those parts become. Thus -j^ is less than -j-V f Wjfxf ^ ^^^^ 
than ^l^ ; and ^^^^^ is less than -j-^Vv 

79. As we have seen, that the more we increase the denonii<« 
nator of such fractions, the less their values become ; it may be 
asked, whether it is not possible to make the denominator so 
great, that the fraction shall be reduced to nothing ? I answerer 
no ; for into whatever number of parts unity (the length of a 
foot for instance) is divided ; let those parts be ever so small^ 
they will still prescfrve a certain magnitude, and therefore can 
never be absolutely reduced to nothing. 

80. It is true, if we divide the lengtli of a foot into 1000 parts; 
those parts will iiot easQy fall under the cognizance of our 
senses : but view them through a good microscope, and each of 
them will appear large enough to be subdivided into 100 part3» 
and more. 

At present, however, we have nothing to do with what de- 
pends on ourselves, or with what we are capable of performing, 
and what our eyes can perceive ; the question is rather, what is 
possible in itself. And, in this sense of the word, it is certain^^ 
that however great we suppose the denominator, the fraction 
will sever entirely vanish^ or become equal to 0. 
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^fll. We never therefore arrive completely at nothing, 1iow>, , 
per great the denominator may be ; and these fi-artions alwayau I 
Bserving a certain value, we may continue the series oQ i 
fractiotiH in the 78tU article without interruption. This cirruiib> I 
stance has introduced the expression, that the denominator m 
he infiHite, or infinitely gi-eat, in order that the fiaction may bo; 1 
reduced to Oporto nothing; and the word infinite in realilA I 
tiignilies here, that we should never arrive at tbe end of tlu!^ 1 
aeries of the above mentioned /rac^oTts. H 

B£. To expiess this idea, whii:h is extremely ve\l founded, 
we make use o[ the eign cD, which conseiiuently indicates M^ ] 
number infinitely great ; and we may therelbre say that thu^ ] 
fraction ^ is really nothing, for the very reason that a fraction j 
cannot be reduced to nothing, until the denominator has been j 
increased to injinity. 

83. It is the more necessary to pay attention to this idea o^ I 
ijilinity, as it is derived fn)m the first foundations of our know^ J 
ledge, and as it will be of the greatest importance in the follow^ 4 
ing part of this treatise. 

We may here deduce from it a few consequences, that ar» , 

extremely curious and worthy of attention, Tbe fraction f^ I 

represents the quotient resulting from the division of the liir^ I 

deiid 1 by the divisor « . Now we know that if we divid^ I 

the dividend 1 by the quotient ^, which is cijual to 0, we obtaifl^ I 

again tbe divisor cd : hence we acquire a new idea of infinity f^ ] 

we learn that it arises from the division of 1 by ; and wc arfi 1 

therefore entitled to say, that 1 divided by expresses a numbee I 
infinitely great, or X . 

84. It may he necessary also in thia place to correct tltt 1 
mistake of those who aBsert, that a number infinitely great i 
not susceptible of increase. This opinion is inconsistent witli< | 
the Just principles which wo have laid down ; for ^ si^ifying 
number infinitely great, and J being inrnnteatably the doxble of ' 
-'., it is evident that a number, though infinitely great) may stitt j 
bowme two or moi« times greater. 
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CHAPTER Vin. 

C^iheproperUei afFraetUmg. 

B5. We hare already seen, that each of the fractions^ 

f • if i* if %9 \9 if ^•9 

makes an integer, and that consequently they are all equal t» 
<ine another. The same equality exists in the foUowing frac- 
tions, 

f4 • S 10^ IS. JU. . 

each of them making two integers; for the numerator of eacb> 
divided hy its denominator, gives 2. So all the fractions 

S 6 9 IS 19 18 Sfp, 

are equal to one another, since 3 is their common value. 

86. We may likewise represent the value of any fraction, !» 
an infinite variety of ways. For if we mtUHply bath the ftume- 
rator and the denominator of a fraction by the same number, which 
may be assumed at pleasure, this fraction will sHU preserve tike 
same value. For this reason all the fractions 

i> %9 T» T^ TT> T¥* 119 TT> TT* ¥T» "*'•> 

are equal, the value of each being ^. Also 

•y> T9 T* T7» TT» TT» 11* ¥7» ■JT'* TV» ®*^-» 

are equal fractions, the value of each of which is |. The frac- 
tions. 

a^ 4^ S 10 IS. 14 IS Jfec 
19 Y» T¥» 119 1J9 Tr» TT* "*'•.• 

have likewise all the same value ; and lastly, we may conclude 
in general, that the fraction 7- may be represented by the foU 

Vowing expressions, each of which is equal to j^ namely, 

a 2a Sa 4a 5a 6a 7a . 

b' 26' rb' 4V 5b* eb' rs"^^ 

87. To be convinced of this we have only to write for the 

a 
value of the fraction -r- a certain letter c, representing by this 

letter c the quotient of the division of a by ft ; and to recollect 
that the multiplication of the quotient c by the divisor b must give 
the dividend. For since c multiplied by ft gives a, it is evident that 
c multiplied by 2 ft wUl give 2 a$ that e multiplied by 3 ft will give 
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3 a, and that in general c mulliplied by in 6 must give m a. Now 
cbanging this into an example of ilivision, and dividing the pi-o- 
iliict »i a, hy mb one of tlie factoi-s, tlic qnoticiit must be equnl to 
tlic other factor c ; but m o divided hy vi b gix-ea alao the frnclion 

^^, which is conacqnenll y eqnal to c ; and tliis is wliat was to 
1116 

be proved : For fi having been assumed as the value nf the frac- 
tion ~, it is evident that this fl-action is equal to the fraction 

— r> whatever be tlie value of 111. 
mA 

8S. 'We have seen tliat every fradiim may be reprcsenled in an 
infinite number of forms, each of which contains the same value; 
and it is evident that of all these formx, that, which shall be 
composed of the least numbers, will be most easily understood. 
Fop example, we might substitute instead of 4 the fulluwing 
fractions, 

■J' 5» T5» IT' Ti' ''"-*' 
but of all these expressions ^ lei that of which it is easiest to 
form an idea. Here therefore a problem arises, how a fraction, 
such as ^'j, which is not expressed by the least possible numbers, 
may be reduced to its simplest form, or to its least terms, that is 
to say, in our present example, to |. 

B9. It vcill be easy to resolve this problem, if we consider that 
a fraction still preserves its value, when we multiply both its 
terms, or its numerator and denominator, hy the same number. 
Tor from this it follows also, that iftve divide the numerator and 
denominator of a fraction by the same nnmber, the fraction still 
preserves Vie same valne. This is made more evident by means 
ef the general expression — ; for it' we divide both the nume- 
I Tator via and tlic denominator m b by the number in, we obtain 
I the fraction — , «Iiicb, as was befoi-c proved, is cijual to — j. 
90. In order therefore to reduce a given fraction to ifs least 
terms, it is required to find a number by which both the nume- 
rator and denominator may be divided. Such a number is 
called a commoii divism; and so long as we can find a common 
diviiior to the numerator and the denominator, it i^ certain tliat 
the fraction may be reduced to a lower form ; but, on the con- 
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trary, when we see that except unity no other common divisor 
can be found, this shews that the fraction is already in the sim- 
plest form that it admits of, 

91. To make this more clear, let us consider the fractioB 
tW* ^® s®® immediately that both the term;; are divisible by 
% and that there results the fraction |^. Then that it maj 
again be divided by 2, and reduced to ^ J ; and this also, having 
£ for a common divisor, it is evident, may be reduced to -^^ 
But now we easily perceive, that the numerator and denomina- 
tor are still divisible by 3 ; performing this division, thereforoji 
we obtain the fraction |, which is equal to the fraction proposed, 
and gives the simplest expression to ^hicb it can be reduced j 
for 2 and 5 have no common divisor but 1, which cannot dimin- 
ish these numbers any further. 

92. This property of fractions preserving an invariable value, 
whether we divide or multiply the numerator and denominator 
by the same number, is of the greatest importance, and is the 
principal foundation of the doctrine of fractions. For exampla, 
we can scarcely add together two fractions, or subtract then 
from each other, before we have, by means of this property, 
reduced them to other forms, that is to say, to expressions whcMsre 
denominators are equal. Of this we shall treat yn the following 
chapter. 

93. We conclude the present by remarking, that all integers 
may also be represented by fractions. For example, 6 is the 
same as ^, because 6 divided by 1 makes 6; and we may, in the 
same manner, express the number 6 by the fractions y, ^ , '^, 
^/, and an infinite number of others, which have the same value. 



CHAPTER IX. 

Of the MdiUon and Subtmction ofFradions^ 

94. When fractions have equal denominators, there is no 
difficulty in adding and subtracting them ; for ^ -f- ^ is equal to 
|, and 4 — 1| is equal to ^. In tliis case^ either for addition or 
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subtractioiif we alter only the numerators^ and place the com- 
mon denominator under the line ; thus» 

T^ + T*ir— tVV — tVV+tVtt is ^«al to ^1^; fj — Z^ — 
H + T* is equal to ^|, or II ; i| — ,V — |i+iJ is equal to 
i%9 or ^ ; also | +| >s equal to |, or 1, that is to say^ an inte- 
ger ; and f — J + ^ is equal to J, that is to say, nothing, or 0. 

95. But when fractions have not equal denotninators, we can 
ahoaifs change tttem into other fnictions that have the same denomt- 
nator* Pot example^ when it is proposed to add togethei^ tl^ 
fractions | and |f we must consider that | is the ^ahie as |, antf 
ihat I is equivalent to f ; we have therefore, instead of the two 
fractions proved, these | + 1, the sum of which is f • If the 
fWo fractions were united by the sign minus, as | — -If > we shboUF 
Iwive I — I or |. 

Another exampfe : let the fractions propoised be | + 1 ; sincer 
^ is the same as |, this value may 6e substituted for it, and we 
may say | + 4 makes y , or 1 4. 

Suppo^ further, that the sum of 4 s^nd I were required. I 
say that it is •/, ; for 4 makes y\« and ^ makes -^j. 

96. We may have a greater numier qfjradions to be reduced to a 
eommon denominator ; for example, 4* |> hr^il ^*^ ^^ f^^ 
the whde depends on finding a number which may be divisible by 
aU the denominators of these fractions. In this instance 60 is the 
number which has that property^ and which consequently 
becomes the common denominator. We shal} therefore have 
44 instead of 4 ; 44 instead of 4 ; 44 instead of 4 ; 44 instead 
of 4 ; and 1^ instead of 4* If f^ow it be required to add together 

all these fractions 44, i^, 44' 44» ^^^ 44» '^^ '^^^ ^^^V ^ ^'^ 
all the numerators9 and under tfie sum place the common denomina- 
tor 60 ; that is to say, we shall have W » ^^ three integers, and 

ih or 3 44. 

97* The wliole of this operation consists, as we before stated^ 
in chani^ing two fractions, whose denominators are unequal, into 

two others, whose denominators are equal* In order therefore 

a c 
to perform it generally, let -r and -^ be the fractions propos- 
ed* First, multiply the two tenns of the first fraction by d, we 
shall have the fraction r^ equal to -7 ; neit multiply the two 
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terms of the second fraction by 6, and we shall have an equiva* 

he 
lent value of it expressed by n ; thus the two denominators 

become equal. Now if the sum of the two proposed frac- 
tions be required^ wc may immediately answer that it is 7^ ; 

and if their difference be asked, we say that it is — '^ — • If 

the fractions | and ^> for example, were proposed, we should 
obtain in their stead 4| and ^i oi which the sum is VV» ^^^ 
the difference ||. 

98. To this part of the subject belongs also the question, of 
two proposed fractio^Sf which is the greater or the less ; for, to 
resolve this, we have only to reduce the two fractions to the 
same denominator. Let us take, for example, the two Eractioiis 
I and f : when reduced to the same denominator, the first be- 
comes |4» and the second ^|, and it is evident that the second^ 
or |, is the greater, and exceeds the former by ,^y. 

Again, let the two fraction | and | be proposed. We shall 
have to substitute for them, |^ and | j- ; whence we may conclude 
that I exceeds 4, but only by -^^. 

99. When it is required to subtract a fraction from an integerp 
it is sufiScient to change one of the units of that integer into afrac^ 
Hon having the same denominator as the fraction to be subtract^ 
ed; in the rest of the operation there is no difficulty. If it 
be required, for example, to subtract | from 1, we write 4 in- 
stead of 1, and say that | taken from | leaves the remainder 4. 
So -^^9 subtracted from 1, leaves -/j. 

If it were required to subtract | from 2, we should write 1 
and ^ instead of 2, and we should immediately see that after the 
subtraction there must remain 1 1. 

100. It happens also sometimes, that having added two or 
more fractions togetlier, we obtain more than an integer ; that 
is to say, a numerator greater tlian the denominator : this is a 
case which has already occurred, and deserves attention. 

We found, for example, article 96, that the sum of the five 
fractions ^9 1, ^, 4, and |, was %y 9 and* we remarked that the 
value of this sum was S integers and f ^ or |^. Likewise | -f 
h ^^ T7 + Tsf makes 4t> or 1^'^. We hav€ only to perform the 
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actual division of the numerator by the denominator^ to see how 
many integers there are for the quotient, and to set down the 
remainder. Nearly tlie same must be done to add together 
numbers compounded of integers and fractions ; we first add 
{he fractions, and if their sum produces one or more integers^ 
these are added to the other integers. Let it be proposed^ for ex- 
ample, to add 3| and £| ; we first take the sum of | and |^ or of 
I and |. It is ^ or 1| ; then the sum total is 6|. 



CHAPTER X. 

Of the MdHplicatimi and Division of Fractions. 

101. The rule for the mvUiplication of a fraction by an integer, 
or whole numbeTf is to mtdtiply the numerator only by the given 
number, and riot to change th^, denominator : tbusy 

2 times^ or twice | makes |, or 1 integer } 
£ times, or twice ^ makes | ; 

3 times, or thrice | makes |, or | ; and 

4 times -/^ makes 4^ or 1^^^, or 1|. 

Butf instead of this rule, we may use that of dividing the denom^ 
inator by tht given integer ; and this is preferable, when it can be 
used, bamtse it shortens the operation. Let it be required, for 
example, to multiply {- by 3 ^ if we multiply the numerator' by 
the given integer we obtain *^, which product we must reduce 
to |. But if we do not change the numerator, and divide the 
denominator by the integer, we find immediately |t or 2 1 for 
the given product Likewise ^| multiplied by 6 gives y , or 3^. 

102. In general, therefore^ the product of the multiplication 

of a fraction -r by c is -7 ; and it may be remarked, when the 

integer is eoMicUy equal to the denominator, that the product must 

he equal to the numerator. 

r| taken tvrice gives 1 ; 
So that < I taken thrice gives 2 ; 
Lf taken 4 times gives 3. 

And in general., if we multiply the fraction -^ by the number 

h, the product must be a, as M^e have already shewn ; for since 
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-7 expresses the quotient resulting from tlie division of the divi- 

dend a by the divisor b^ and since it has been demonstrated that 
the quotient multiplied by the divisor will give the dividend^ it 

is evident that -r multiplied by h most produce a. 

103. We have shewn how a fraction is to be multiplied by an 
integer ; let us now consider also Jww a fraction is to be divided 
hf an integer; this inquiry is necessary before we proceed to th6 
multiplication of fractions by fractions. It is evident, if I have 
to divide the fraction | by 2> that the result must be ^ ; and 
that tlie quotient of | divided by 3 is f. The rule therefore is» 
to divide the numerator by the integer without changing the de* 
nominator. Thus, 

^^ divided by 2 gives /, ; 

41 divided by 3 gives ^j ; and 

II divided by 4 gives ^^^ ; &c. 

104. Tliis rule may be easily practised, provided the nume- 
rator be divisible by the number proposed ; but very often it is 
not : it must therefore be observed that a fraction may be trans- 
formed into an infinite number of other e^cpressions, and in that 
number there must be some bj which the numerator might be 
divided by the given integer. If it were required, for example^ 
to divide | by 2, we should change the fraction into f, and thenf 
dividing the numerator by 2, we should immediately have ^ for 
the quotient sought 

In genera], if it be proposed to divide the fraction -r by c, we 

ac 
change it into r-p and then dividing the numerator a c by c, 

write T- for the quotient sought 



be 



a 



105. fFhen tlwrefore a fraction -r is to be divided by an integer 

Cf v)e have only to multiply tlie denominator by that nttmfrar, and 
leave the numerator as it is. Thus f divided by 3 gives /,, and 
J divided by 5 gives '^%. 

This operation becomes easier when the numerator itself is 
divisible by the integer, as* we have supposed in article 103. 



Ch|«u 10. Of Simfle qmfitUies. SI 

For efumplei ^ divided by S would give^ according to our last 
rale^ A ^ "^^^ ^7 ^* ^^^ ^^^^f which is applicable here^ we 
obtain -^^ an expressimn equivalent to :^V» l^t nu>ra Mnple. 

106. We shall now be able to understand how one fraction -? 
may be nyiltipliod by another fraction 4. We bave only to 
consider that -^ means that o is divided by d; and on this prin^^ 
ciple^ we shall first multiply the fraction -r by C| which pro- 

tf c 

duces the result -r- ; after which we shall divide by d, which 
ac 

Hence the following ride for midtiplying fractions ; midiiply 
separately the numerators and the denominators. 
Thus I by I gives the product }» or ^ ; 
I by I makes ^\ $ 
I by -j^j produces i|, or ^j ; &c. 

107* It remains to shew how one frdction may he divided by 
another. We remark first, that if the two fractions have the same 
number for a denominator, the division takes place only with 
respect to the numerators } for it is evident, that -^ is contain- 
ed as many times in j\ as 3 in 9, that is to say, thrice ; and in 
the same manner, in order to divide ^^ by -^-^^ we have only to 
divide 8 by 9, which gives |. We shall also have -^^ in ||, 3 
times : ^J^ in ^^, 7 times } /^ in /r* t f *c- 

108, But when the fractions have not equal denominators^ we 
must have recourse to the method already mentioned for reduc- 
ing them to a common denominator. Let there be, for exam- 

pie, the fraction -t to be divided by the fraction ^ ; we first re- 
duce them to the same denominator i we have then --^ to be 

a 

b e 
divided by r-j ; it is now evident, that the quotient must be 

a d 

represented simply by the division of o il by i c ; which gives r— • 
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Hence the fbllowing rule : MtdHply the numerator of the dlm- 
dtnd hythe denondnatar of the dnnsory and the denominator of the 
dividend by the numerator of the dMsor ; the first product iviU he 
&e numerator of the quotient, and the second wiU be its dcfiomt- 
nator. 

109. Applying this rule to the division of f by f , we shall 
have the quotient ^f ; the division of | by ^ will give f or f or 
1 and I ; and || by f will give |f^t or f • 

110. This rule for division is often represented in a manner' 
more easily remembered, as follows : Invert the fraction which 
is the divisor, so that the denominator may be in the place oj the 
numerator, and the latter be written under the line ; then multiply 
the fraction^ which is the dividend by this inverted fraction, and 
the product will be the quotient sought. Thus f divided by ^ is 
tiie same as ^ multiplied by ^, which makes ^, or I ^. Also | 
divided by | is the same as | multiplied by |, which is -\^ ; or 
Jl divided by I gives tlie same || multiplied by I* the product 
of which is ^JJ, or|. 

We see then, in general, that to divide by the fraction ^* is the 
same as to multiply by ^, or 2 ; that division by ^ amounts to mvl* 
tiplicution by j., or by S, ^c. 

111. The number 100 divided by | will give 200 ; and 1000 
divided ^ will give 3000. Further, if it were required to divide 
1 by y^Vir* ^^^ quotient would be 1000 ; and dividing 1 by 
TTTTrVTrTT' ^^^^ quotient is 100000. This enables us to conceive 
that, when any number is divided by 0, the result must be a ' 
number infinitely great ; for even the division of 1 by the small 
fraction ^^^^^i^^^^^^ gives for the quotient the very great num- 
ber 1000000000. 

112. Every number when divided by itself producing unity, 
it is evident that a fraction divided by itself must also give 1 for 
the quotient. The same follows from our rule : for, in order to 
divide | by |, we must multiply | by ^, and we obtain 4|, or 1 j 

and if it be required to divide -r by -r, we multiply ~ by — ; 

a b 
now the product — r is equal to 1. 
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T 

^^H.13. We have still to explain aii expression wtiicli is fre- 

^^Buitl; used. It may be askeil, lor cxamploi what U Ibe balf 

^^■^ j tliis means that wo must multiply 4 by g. So likewise, if 

the value uf | ol' 4 ^ci-e required, we should oiultiply f by f , 

wliich pt'odures ^^ ; and ^ id' -^j is the same aii-j'^ midiiiiticd by 

|, wbicli produces ^^, 

1 14. Lastly, we must here observe the same rules with respect 
to the signs -f- and — , that we berore laid down for integers. 
Thus + 1 multiplied by — ^ makes — ^; and — | nmltipled by 
— ^ gives + ^'.j. Farther, — 4 divided by+| makes — 1|; 
aud — ^ divided by — J makes +44"'^ + *• 



CHAPTER XI. 

Of Square JVUnihers. 

115. The prdduet of a number, wlten multiplied fty itsdf,i 
taUed a square ; mid for Ihis reasoji, the number, considered ml 
relation to sach a prodact, is called a square root. 

For example, when we multiply IS by tS» the product 144 it 
a Sqnare, of whUh the root is 12. 1 

This term is derived from geometry, which teaches us that 
the contents of a square are found by multiplying its side by 
Itself. 

116. Square nmnbcrs are found therefore by multiplication^,, 
that is to say. by multiplying the root by itself. Thus 1 is the j 
square of I, since 1 multiplied by 1 makes 1 ; likewise, 4 is thQ'il 
8(]uaro of 3 ; and 9 the square of 3 ; 3 also is the root of 4, and 

3 is the root of 9. 

We shall begin by considering the squares of natural numbers*,^ 
and shall first give the following small table, on the first line of 
which several numbers, or roots, are placed, and on the second 
their squares. 



M umbers. 
Squares. 


I 


2 


3 


■• 


5 


■i 


7 8 


9 


11 


11 J2 


13 


1 


4 


9 


16 


'5 


3fi 


411 64 


ftl 


100 


isJi 1-44 


169 



^bl-ili;. ^H 



J 



w 



34 
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117. It will be readily perceived, that the series of squi 
numbers tlius arranged has a singular properly ; namely^ tl 
if each of them be subtracted from that which immediat 
follows, the remaindera always increase by 2, and form t 
series ^ 

3, 5, 7, 9, 11, IS, 15, ir, 19, 21, &C. 

1 1 8. The squares offracHons are Jbund in the same manner^ 
multiplying any given fraction by itsdf. For exam^e, the sqw 



ofi 



IS J, 



The square oC< 



s 



■1 . 



1 r1 V 



&C. 



We have only therefore to divide the square of the numera 
by the square of the denominator, and the fraction, which ( 
presses that division, must be the square of the given fracti 
Thus, II is tlic square of | ; and reciprocally, { is the r 

nf 3' 

119. When the square of a mixed number, or a number, co 
posed of an integer and a fraction, is required, we have only 
reduce it to a single fraction, and then to take the square of tl 
fraction. Let it be required, for example, to find tlie square 
£^ ; we first express this number by f , and taking the squ; 
of that fraction, we have y, or 6|, for the value of the squi 
of 2^. So to obtain the square of 3-^, we say 3| is equal to ^ 
therefore its square is equal to W, or to 10 and -^^^ 1 
squares of the numbers between 3 and 4, supposing them 
increase by one fourth, are as follows : 



Numbers. 
Squares. 


3 
9 




'2i 


H 


4 


16 



From this small table we may infer, that if a root contai 
fraction, its square also contains one. Let the root, for exam| 
be 1 -/^ ; its square is 4i|, or 2^^^ ; that is to say, a little gn 
cr tlian the integer 2. 

120. Let us proceed of general expressions. When the r 
is a, the square must be a ez; if the root be 2 a, the square is 4 1 
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which shews that by doubling the root, the square becomes 4 
times greater. So if the root be Sa, the square is 9 a a; and if 
the root be 4 at the square is 16acu But if the root be a b» the 
square is a abb; and if the root be a ft c» the square ib a abb ce* 

121. Thus when the root is composed of two, or more factors^ 
we muUiply thdr squares together ; and reciprocally, if a square 
be compost of two or more factors, tf which each is a square, we 
haroe only to multiply together the roots of those squares, to Main 
the com]^te root of the square proposed. Thus, as 2304 is equal 
to 4 X 16 X S6, the square root of it is 2 x 4 x 6, or 48 ; and 
48 is found to be the true square root of 2504, because 48x48 
gives 2304. 

122. Let us now consider what rule is to be observed 
with regard to the signs + and *-«• First, it is evident that 
if the root has the sign +, that is to say, is a positive num- 
ber, its square must necessarily be a positive number also, 
because + by + makes +: the square of + a will be+aa. 
But if the root be a negative number, as — a, the square is still 
positive; for it is +aas we may therefore conclude, that +aa 
is the square both of +^ and of — a, and that consequently every 
square has two roots, one positive and the otiier negative. The 
square root of 25, for example, is both + 5 and — 5,. because 
— 5 multiplied by — 5 gives 25, as well as + 5 by -f. 5. 



CHAPTER XII. 

Of Square Roots, and (f Irrational Members resulting from tliem. 

123. What we have said in the preceding chapter is chiefly 
this : that the square root of a g^ven number is nothing but a 
number whose square is equal to the given number ; and that 
we may put before these roots either the positive or the negative 
sign. 

124, So that when a square number is given, provided we 
retain in our memory a sufficient number of square numbers, it 
is easy to find its root. If 196, for example, be the ^ivcn num- 
ber, we know that its square root is 14. 
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Fractions likewise are easily managed : it is evident^ for 
example, that f is the square root of |(. To be convinced of 
this> we have only to take the square root of the numerator^ an4 
that of the denominator. 

If the number proposed be a mixed number, as 1%^ we reduce 
it to a single fraction, which here is \*, and we immediately 
perceive that !» or 3 !» must be the square root of 1^. 

125. But when the given number is not a square, as !£» fi>r 
example, it is not possible to extract its square root : or to find 
a number, which, multiplied by itself, will give the produet 12. 
We know, however, that the square rout of Id must be greater 
than 3, because 3x3 produces only 9 : and less than 4, because 
4x4 produces 16, which is more than 12. We know also, that 
this root is less than S | ; for we have seen that the square of 
^ 7» or I is 12 1. Lastly, we may approach still nearer to this 
root, by comparing it with 3 -/y ; for the square of 3 ^y, or of f| 
is VtV' or 12^17, so that this fraction is still greater than the 
i*oot required ; but very little greater, as the difference ot the 
two sqares is only -^^f. 

126. We may suppose that as 3 1 and 3 ^^ are numbers greater 
than the root of 12, it might be possible to add to 3 a fraction 
a little less than -r^t and precisely such that the square of the 
sum would be equal to 12. 

Let us therefore try with 3^, since ^ is a little less than •^^. 
Now 3^ is equal to y, the square of which is Y/* *^"d conse- 
quently less by ^| than 12, which may be expressed by y^. 
It is therefore proved that 3^ is less, and that 3^^^ is greater 
than the root required. Let us then try a number a little greater 
than S^, but yet less than 3^/^, for example, 3^'y, This number, 
which is equal to 44^ ^^^ ^or its square VtV* Now, by reduc- 
ing 12 to this denominator, we obtain \^^ ; which shews tliat 
3-/y is still less than the root of 12, viz. by -j-Iy* Let us there- 
fore substitute for ^'f the fraction ^79 which is a little greater, 
and see what will be the result of the comparison of the square of 
S^j with the proposed number 12. The square of 3^ is \y/ ; 
now 12 reduced to the same denominator is YtV 9 so that S^j is 
still too small, though only by yIt^ whilst 3 ^V bas been found 
too great. 
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isr. It is evident therefore, tliat whalcver fraction be joined 
to S, the square of that siim must always contain a fraction, and 
can never he exactly equal to the integer 12. Thus, although 
we know that the square root of 12 is greater than 3 -^^ and less 
than 3 -^j, yet we ai-e unahle to astiign an intermediate t'racltiin 
between these two, which, at the same time, if addeit to 5, would 
express exactly the square rout of 13. Notwithstanding ihia, 
we are nut to assert that the square root of 13 ta absolutely and 
in itself indeterminate ; it only follows from what has been said^^ 
that this root, though it necessarily liaa a determinate magnid 
tude,cannot he expressed by fractions. 

f.l2S. There is therefore a »m-t of numbers which cannot be ' 
pied by fradiotis, and ■tcldch are nevertheless delermi7iat£ 
latUities i the square root of IS furnishes an example. We 
fell this new species of numbers, irratiotuU numbers ; they occur 
whenever we endeavour to find the square root of a number 
which is not a square. Thus, 2 not being a perfect square, the 
square root of 2., or the number which, multiplied by itso{fp j 
would produce 2, is an irrational quantity. These numbers arf ~ 
also called svrd quantities, or incommejisurables, 

1S9. These irrational quantities, though they cannot be i 
prcs.sed by fractions, are nevertheles.s magnitudes, of which i 
may form an accurate idea. For however concealed the squai;%fl 
root of 12, for example, may appear, we are not ignorant, tiiatft^ 
must be a number which, when multiplied by itself, wotil^l 
exactly produce 1 2 ; and this property is sufficient to give as a 
idea of the number, since it is in our power to approximate 'tfaM 
value continually, 

130. As wearetliereforesulficiently acquainted with thenatnn^ 
of the irrational numbers, under uur present consideration, a {lam J 
ticuiar sign has been agreed on, to express the square roots of all i 
numbers tliat ai-c not perfect squares. This sign is writteii?J 
thui< \/) and U read square root. Thus, vi2 rcpi-esenls tha,A 
sqnun root of 12, or the number which, multiplied by ilseU^I 
iduces 12. So, va" represents the square root of 3 ; v'3~thi4- ; 

; Vy "'at of T ^'^' '" general, i/T represotts the square 
\iif the number a. "Wlicncver therefore we would express the 
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sqaare root of a nnmber which is not a ■qmre* «e need onl; 
make UBO of the mark v* by placing it before the number. 

131. The explanation, which we have given of irrational nmi 
bers, win readily enable us tu apply to tfaooi the known method 
of calculation. For knowing that the square root of 2» multi 
plied by itself, must produce 3 ; we know also, that the mnlripli 
cation v^ by v's' must necessarily produce 2 ; thnt, in the Nam 
manner, the multiplication of v'l' by vF must give 3 : that y'i 
by VT makes 5 ; that ^4 by Vl makes 4 ; and, in general, thi 
vrnuitiipltcd by vT produceg a. 

132. But when it is required to muUipItf y/^ by ^/b' the -produt 
vUl be Jmatd to be v^b ; because we have shewn before, that if 
square has two or more factors, its root must be composed c 
the roots of those factors. Wherefore we find the square roc 
of the product a b, which is Vo^* by multiplying the square riH 
of a or Vo^ by the sqaare root of b or v^ It i^ evident froi 
this, that if b were equal to a, we should have i^/^ for tlie pn 
duct of Vo" by vST Now vTa is. evidently a, since o a ia th 
square of a. 

133. In division, if it were required to divide v^ ^°^ exan 

pie, by i/bi wo obtain \~ ,- and in this instance \ba irratioi 
ality may vanish in the quotient. Thus, having to divide v"! 
hy v^ (^^ qnotient is v/y, which is reduced to vl* ^id coast 
quently to 4, because ^ is the square of |. 

134. When the number, before which we have plared tli 
radical sign %/, is itself a square, its root is expressed in the usui 
way. Thus y/T is tlie same as 2 ; \/g' the same as 3 ; v'se th 
same as 6 ; and v/12^ the same as ^, or 34. In thrse iustanct 
the irrationality is only apparent, and vanishes of course. 

135. It is easy also to multiply irrational numbera by ordi 
nary numbers. For example, s naUtijAied by v'F makes 3 \/'t 
and 3 times \/2 make 3 v^ In the second example, howevei 
as 3 is equal to viT ^^ may also express 3 times ^r by vi 
times v*^ °^ by n/ib* So 3 ^/^ '*^ t)><> same as v'4a, and 3 vi 
the same as vsa- And, in general, b t/a has the 'same volt 
as the square rtot if bbt^or yabb ; whence we infer recipn 
cally* that when the number which is preceded by tlie radio 
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sign contains a sqaare^ we may take the root of that square and 
put it before the sign^ as we should do in writing 6 ^T instead 
of \/7Tb. After this^ the following reductions will be easily 
understood: 



V8, or ^^'4 



>is equal to*< 



VI 8, or v'2'9 
^247 or \/W4 
V^^T or x/i^fe 

V75^ or \/f^ 
and so on* 

136. Division is founded on the same principles. \/r dirrided 

In the same manner^ 



S V^ i 

4 vTi 

L5 VT } 



Vi 



hi yAi, gives '^, or yl^ 



= >is equal to-< 




|.,orV4, or 2} 



^2 

[l2 
N3 



* or V9, OP 3; 



Further -:== 



= ^s equal to< 



, or V4« or 2. 



~f orvl, orV3 > 

V2 

^, OP v|f OP V3"5 
^^fOrV'JSorvi4> 






or \/6^> or lastly 2 v^* 

137. There is nothing in particular to be observed with> 
respect to the addition and subtraction of such quantities^ be- 
cause we only connect them by the signs + and — • For 
example, x/T added to y^ is vnitten s/% + >/T ; owd vJ" «iifc- 
fractedfrom ^T is written vJ" — VT. 
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158. We ma J observe lastly, that in order to distlnguidi irra« 
ttonal nainbersf we call all other numbersy both integral and frao 
tionaly raiiimal mmbert. 

So that, whenever we speak of rational numbers^ we under- 
stand integers or fhtfstions* 



CHAPTER XIIL 

Of Impossible or Jmaginary ^antiHeSp tvhich arise from the 

same source. 

139. We have already seen that the squares of numberSf 
negative as well as positive, are always positive, or affected 
with the sign+; having shewn that-— a multiplied by-— a 
gives +aaf the same as the product of + a by -fa. Wherefore^ 
in the preceding chapter, we supposed that all the numbers, of 
which it was required to extract the square roots, were positive* 

140. When it is required therefore te extract the root of a 
negative number, a very great difficulty arises ; since there Is 
no assignable number, the square of which would be a negative 
quantity. Suppose, for example, that we wished to extract the 
root of — 4 ; we require such a number, as when multiplied by 
itself, would produce. — 4; now this number is neither + 2 nor 

— 2, because the square, both of + 2 and of — 2, is -f. 4, and not 

— 4. 

141. We must therefore conclude, that the square root rf a 
negative number cannot be either a positive number, or a negative 
numbcTf since the squares of negative numbers also take the sign 
plus. Consequently the root in question must belong to an en- 
tirely distinct species of numbers ; since it cannot be ranked 
either among positive, or among negative numbers. 

142. Now, we before remarked, that positive numbers are all 
greater tlian nothing, or 0, and that negative numbers are all lesa 
than nothing, or ; so that whatever exceeds 0, is expressed by 
positive numbers, and whatever is less than 0, is expressed by 
negative numbers. The square roots of negative numbers, 
therefore, are neither greater nor less than nothing. We can* 



fte. 



( Simplt ^lantities. 



Wtt say hdwevEF, that they are ; for n multiplied by pro- 
s 0. and consc^qtiently does not: give a ne(;»tivc niiiiibcr. 
143. Now, since all numbers, which it is possible to conceive, 
are either grenter or leas Ih&n 0, or are itself, it is evident 
that we canttnt rank the stjnare root of a negative iimnber 
amongBt pow^iblc numbers, and we must therefore say that it ia 
an impossible cgiiantity. In this manner wc are led to the idea 
of numbers which fruoi tlieirnaturc are impossible. Tltese ntim- 

E^— are usually called maginary qiiantilks, because tliey exist 
"ely in the imagination, 
44. All such espressions, as V— ', V— 2. V— 3. V^. &f-» 
consequently impossible, or imaginary numbers, since they 
resent niots of negative quantities : and of such numbers we 
' truly asserl, that they are neither nothing, nor greater than 
wuiiiingt nor less than nothing ; which neceasaiily constitutes 
tbetn imaginary, or impossible, 

145. But notwithstanding all this, these nambers present 
themselves to the mind; they exist in our imagination, and we 
atill have a suSirient idea of them ; since we know that byv'^ 
19 meant a number which, multiplied by itself, produces — 4. 
For this reason also, nothing prevents us from muking use of 
these imaginary numbers, and employing them in calculation, 

146. The fii-st idea that occurs on the present subject is, that 
the square of v'— 3, for example, or the product of \/— 3 by 
V— 3, must be — 3 ; that (he product of v'— 1 by v'— I is — 1 ; 
and, in general, that by multiplying v^ by \/—a, or by taking 
the squtire of v'— a. wb obtain — a. 

147. Now, as — aisequalto+a multiplied by — Land as 
the square root of a product is found by multiplying together 
the roots of its factors, it follows that the root of u multi- 
plied by — 1, or v— 0, is equal to v^iT multiplied by v— 1. 
Now v'n~ <s 3 possible or real number, consequently the whole 
impossUniity of an imaginary quantity may be always redticed to 
\/~i. For this reason, v— * '^ equal to v* niuKiplied by 
V"— 1, and equal to 2 v"— 1. o" account of v'*' beini; equal to 2. 
Forthcsame reason, v— 9 i'* reduced to v'Fx v— i. "I'S v— tj 
and v^^ '^ e(|tial to 4 s/—i. 
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148. MoreoveFf as \/T multiplied by vi* ^BMkea y'S* we 
shall have v^T for value ot\/Za multiplied by y^ms ; And v^ ^ 
Q, for the value of the product of ^/Hl by \/— 4. We see, there* 
fore, that two imaginary numbers, muUipUid togethir, product a 
real, or possMe one. 

But, on the contrary, a possible number, muUipUed by an 
possible numberf gives always an imaginary product : thuSf 
by V +5 gives v/Hn. 

149. It is the same with regard to division ; for \/a dividDA 

by \/r making 1^, it is evident that \/Z4 divided by ^Zi will 

make \/+4» or 2 ; that y^ifs divided by v-^ will give V^UJi 
and that i divided by v^Hi gives f ±J_» or yHi ; becanae 1 h 

equal to v+i. 

150. "We have before observed, that the square root of aiqr 
number has always two values, one positive and the other 
negative ; that x/T, for example, is both + 2 and — 2, and that 
in general, we must take — \/^ as well as +\/cr for the squan 
root of a. This remark applies also to imaginary numbera ; 
the square root of -^h is both + v^Ha and — x/Hb. ; but we mud 
not confound the signs + and — , which are before the radical tign 
y, with the sign which comes after it. 

151. It remains for us to remove any doubt which may be 
entertained concerning the utility of the numbers of which we 
have been speaking ; for those numbers being impossible, it 
would not be surprising if any one should think them entirely 
useless, and thc^ subject only of idle speculation. This however 
is not the rase. The calculation of imaginary quantities is of tha 
greatest importance: questions frequently arise, of which we 
cannot immediately say, whether they include any thing real 
and possible, o«- not. Now, when the solution of such a que»* 
tion leads to imaginary numbers, we are certain that what ia 
required is impossible.* 

* This IS followed in the original by an example intended to illustrate what 
is hbre said. It is omitted by the Editor, as it implies a degree of acquaint* 
ance with the subject^ which title learner cannot be suppoied to poifesa at this 
stage of his progress. 
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CHAPTER XIV. 

Of CvMc Mimbers. 

152. Wher a number has heen viultiplied twice hj itself, or, 
■which is the same Iking, -when the nqaare of a number has been 
multiplied once more by that number, we lAtain a product which it \ 
called a cube, or a cubic number, Tims, thecube of ala aaoisinetf I 
it is the product obtained by muUtplying a by itself, or by (i> and' 
that s(|iiare a a again by a, 

1'hc cubes uf the natural numbers therefore succeed each 
other in the following order. ■ 



Nuuitiei's. 1 


a 


' 


' 


5 


6 


7 


8 


9 


,0| 


Cubrs-. 1 


8 


87 


64 


I2.T 


2lfi 


.t43 


M2 


7iSi 


1000 1 



153. If »c consider the differences uf the.se cubes, 
dill those, of the squaresi by subtracting each cube from that 
which comes after it, we shall obtain the following series of oum- 
bers : 

7, 19, 37, 61, 91, 127, 169, 217, 271. 
At first we do not observe any regularity in them ; but if we 
take the respective differences of these numbei-a, we find the 
Ibllowing series : 

12, 18, 24, 30, 36, 42, 48, 54, 60; 
in which the terms, it is evident, increane alnays by d. 

154. After the dclinition we have given of a cube, it will not 
be difficult to find the cube uf Irartional numbers ; ^ is the cube 
of 3 ; Vt '" *''* •^"''^ '^ T ' ^^^ TT '^ ^^^ '^'''i^ of |, In the 
same manner, we have only to take the cube of the numerator 
and that nf the denominator separately, and we shall have as 
the cube of |, for instance, |^. 

155. If it be required to/nd llu cube (fa mixed number, we must 
first reiluce it to u single frnctinti, and then pioceed in the manner 
that has been described. To find, for example, the cube of l|, 
wc mnsl take that of |, which is V- »'' 3 and |. So the cube 
of Ij. or of the single fraction J, ia y,*, or IJ^ ; and the cube 
«f Sjtorof y is 'il''fOr 34fi. 
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156. Since a a ais the cube of a, thatof afr willbeaaa6&6; 
whence we see, that if a number has two or more factors, wt 
mayfnd its cube by multiplying together the cubes of those factors. 
For example, as 12 is equal to S >< 4* we multiply the cube of S^ 
whicli is 27, by the cube of 4, which is 64, and we obtain 1728f 
for the cube of 12. Further, the cube of S a is 8 a a a, and com^- 
quently 8 times greater than the cube of a : and likewiscy Urn 
cube of Sa\s27aaa, that is to say, 27 times greater than the 
cube of a. 

157. Let us attend here also to tlie signs + and^^^ Itia 
evident that the cube of a positive number -f- a must also be 
positive, that is -fa a a. But if it be required to cube a negative 
number — a, it is found by first taking the square, which is 
+ aaj and then multiplying, according to the rule, this square 
by — a, which gives for tlie cube required — a a a. In this 
respect, therefore, it is not the same with cubic numbers as trntft 
squares, since the latter are always positive : whereas the cube 
of — 1 is — 1, that of — 2 is — 8, thai of — Sm— 27, ami 
so on. 

« - 



CHAPTER XV. 

Of Cube Boots, and of irrational numbers restiUingfrom themm 

158. As we can, in the manner already explained, find the 
cube of a given number, so, when a number is proposed, we may 
also reciprocally find a number, which, multiplied twice by itself 
will produce that number. The number here sought is called* 
with relation to the other, the cube root. 8o that the cube root of 
a given nuihber is tite number wlwse cube is equal to thai gtoen 
number. 

159. It is easy therefore to determine the cube root, when the 
immber proposed is a real cube, such as the examples in the last 
cbaptcr. For we easily perceive tJiat the cube root of 1 is 1 ; 
that of 8 is 2 ; that of 27 is 3 ; that of 64 is 4, and so on. And 
in the same manner, the cube root of — •27 is— -S; and that of 
— 125 is — 5. 
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Further, if the proposed number be a fraction, as ,*y. the cube 
root of it must be 4 > ^"*1 ^^^^ ^^ tx^ '^ t- Lantl;. tl)e cube 
poiif. of a mixed number 2^^ must be |, or l^ : because 2^^ is 
cijiia! I:) 15. 

I'ji). But if the proposed number be not a cube, its cube root 
caioiot be expressed either in integers, or in fractional num- 
bers. For example, 43 is not a cubic number ; I say tbere- 
fore ibat it ia impossible to assign any number, eitlier integer 
or fractional, wbose cube shall he exactly 43. We may how- 
ever affirm, that the cabe root of tliat number is greater than 
3, since the cube of 3 is only 27 ; and less than 4, because 
the cube of 4 is 64. We know therefore, that the cube root 
required is necessarily contained between the numbers 3 
and 4. 

161. Since the cube root of 43 is greater than 3, if we add a 
fraction to 3, it ia certain that we may approximate still nearer 
and nearer to the true value of this root : but we can never 
assign the number which expresses that value exactly ; because 
the cube of a mixed -r mber can never bo perl^ctly equal to aa 
integer, such aa 43. n we were to suppose, for example, 3^, or 
I to be the cube root required, the errar would be | ; for the 
cube of ^ is only ^J', or 49j. 

16S, This therefore shews, that the cube root of 4S cannot be 
expressed in any way, either by integers or by Jractitms. How- 
ever we have a distinct idea of the magnitude of this root ; 
which indurefi us to use, in order to represent it, the sign ^, 
which we place before the proposed number, and which is read. 
atbe root, to distinguish it from the square root, which is i^ten called 

simply the root. Tlius v'is means the cube root of 43, that is to 
say, the number whose cube is 43, or which, multiplied twice 
by itself, produces 43. 

163. It is evident also, tliat such expressious cannot belong 
to rational quantities, and that they rather form a particular 
species of irrational quantities. Tliey have nothing in common 

E roots, and it is not possible to express such a cilbe 
lare i-oot ; as; for example, by t/is ; for the square 
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of \/i2 being 12, its cube will be 12 ^lit consequentlj still irm- 
tional5 and such cannot be equal to 4S. 

164. If the proposed number be a real cube, our expressions 

3 3__ » 

become rational ; y/i is equal to 1 ; y^s u tqwd to 2; ^st is 

s 

equal to 3 ; and, generaUtf, v« i^a m equal to a. 

165. If it were proposed to multiply one cube root, \^s!^hy afuMet, 

yO), the product must ie v&b ; for we know that the cube root oC 
a product a fr is found by multiplying together the cube roota of 

the factors ( 1 56). Hence^ also, tfwe divide \/ir by y^7 the qwh 

3 

tientwiahe fL 

\b 

s s 

166. We further perceive, that 2 \T i* equal to \/8m becanso 
2 is equivalent to \/8 ; that 3 \/a is equal to y^ a, and i y/a ia 

3 

equal io\^abhb. So, reciprocally, if the number under the raA* 
cal sign has a factor which is a cube, we may make it disappeaff 
by placing its cube root before the sign. For example, insteaii 

3 1 ,_^ 3 » 

of \/64 a we may write 4 ^a -, and 5 v« instead of ymo* 

Hence vi6 is equal to 2 ^/s, because 16 is equal to 8 x & 

167. When a number proposed is negative, its cube root la 
not subject to the same difficulties that occurred in treating of 
square roots* For, since the cubes of negative numbers ara 
negative, it follows that the cube roots of negative numbers ara 

S 8 

only negative. Thus, yQ) is equal to •— 2, and y"— sr to »-« S. 

3 S 8 ■ 

It follows also, thaty/.^is is the same as — V12* ^^^ ^^^ V-*« 

3 

may be expressed by — 'Va. Whence we see, that the sign — ^ 
when it is found after the sign of the cube root, might also have 
been placed before it. We are not therefore here led to impos- 
sible, or imaginary numbers, as we were in considering fha 
square roots of negative numbers. 
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CHAFTJBR XVI. 

Of Powers in generoL 

168. The product, which we obtain by multiplying a number 
several times by itself is called a power. Thus^ a square which 
arises from the multiplication of a number by itself, and a cube 
which we obtain by multiplying a number twice by itself, are 
powers. We say also in the former casCf that the number is raised 
to the second degree, or to the second power ; and in the latter, that 
the number is raised to the ihird degree, or to the third power. 

169. We distinguish these powers from one another by the 
number of times that the given number has been used as a factor. 
For example^ a square is called the second power, because a 
certain given number has been used twice as a factor ; and if 
a number has been used thrice as a factor, we call the pro- 
duct the third power* which therefore means the same as 
the cube. • Multiply a number by itself till you have used it four 
times n a fiictort and yoo will have its fourth power, or what is 
commonly called tiie bi-^nadraU^ From what has been said it 
will be easy to understand what is meant by the fifth, sixths 
seventh, &c.9 power of a number. I only add, that the names of 
these powers^ after the fourth degree^ cease to have any other 
bat theae numeral distinctions. 

- '70^ To illustrate this still further, we may observe, in the 
first place, that the powers ef 1 remain always the same ; because^ 
whatever number of times we multiply 1 by itself, the product 
is found to be always 1. We shall therefore begin, by repre- 
senting the powers of 2 and of d. They succeed in the following 
order: 
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Powers. 


Of the number 2. 


Of ihe mimber S. 


A 


A 


A 


' , ^ 


f » 


r \ 


I. 


a 


3 


II. 


4 


9 


III. 


8 


27 


IV. 


16 


81 


V. 


32 


9AS 


VI. 


64 


729^ 


VII. 


128 


2187 


VIII. 


£56 


6561 


IX. 


512 


19683 


X. 


1624 


59049 


XI. 


2048 


177147. 


XII. 


4096 


531441 


XIII. 


8192 


1594323 


XIV. 


16384 


4782969 


XV. 


32768 


14348907 


XVI. 


65536 


43046721 


XVII. 


131072 


129140163 


XVIII. 


262144 


387420489 



Bat the powers of the number 10 are the most remarkable ; 
for on these powers tlie system of our arithmetic is founded. A 
few of them arranged in order^ and beginning with the firflt 
power^ are as follows : 

I. II. III. IV. V. VI. 

10. 100, 1000, 10000, 100000, 1000000, &C. 

171. In order to illustrate this subject, and to consider it in a 
more general manner, we may observe, that the powers of any 
number, a, succeed each other in the following order. 

I. II. III. IV. V. VI. 

a, no, aaay aaaUf aaaaOf aaaaaa,&c» 
But we soon feel the inconvenience attending this manner of 
writing powers, which consists in the necessity of repeating 
the same letter very often, to express high powers ; and the 
reader also would have no less trouble, if he were obliged to 
count all the letters, to know what power is intended to be 
represented. The hundredth power, for example, could not be 
conveniently written in this manner ; aud it would be still more 
difficult to read it. 

172. To avoid this inconvenience, a much more commodious 
method of expressing such powers has been devised^ which from 
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its extensive use deserves to be carefully explainetl ; vi^: To 
exprcsst for example, the hundredtli power, we simply write llie 
number 100 above tlie number whose hundredth power we would 
express, and a little towards the right-hand ; thusa*"" moans 
a raised to 100, and rtpresents the huniTcth power of a. It must 
he observed, that tlie name exponent is givfn to llie uwnber ivril- 
ten above that Tvkose power, or degree, it represents, and which t'n 
the present instance is 100. 

173. In the same manner, a* signifies a raised to 5, or the 
second power of a, which we represent sometimes also by aa* 
because both these cxpn^sions u« written and understood with 
equal facility. But to express the cube, or the third power «i 
we write n' according to the rule, that we may occupy less room* J 
So a* signifies the fourth, a' the fifth, and a.' the sisth power I 
of a, 

174. (n a word, all the powers of a will he represented by Op 1 
a', fl», a*, u', a', a^, n', «», a'", &c. Whence we see that iB I 
this manner we might very properly have written a^ instead 
of a for the first term, to shew the order of the series more 
elearly. In fact a' is no more than a, as this unit sheivs that the 
Utter a is to be written only once. Such a series of powers is 
called also a geometrical |)rogress]oii, because each term is 
greater by one than the prnceding. 

175. As in this series of powers each term is found by multi- 
plying the pi-eceding term by n, which increases the exponent 
by I ; so when any term is given, we may also find the preced- 
ing one, if we divide by a, becausa this diminishes the exponent 
by I. This shews that the term which precedes the first term a* 

mnst necessarily bo — , or 1 ; now, if we proceed according to 

the exponents, we immediately conclude, that the term which 
precedes the first must be a". Hence we deduce this I'eroark- 
able property ; that a° is constantly eqnal la 1, however great or 
small the value of the number a ■aiay he, and even when a is notli- 
ing; that is to say, a° is equal to I. 

176. We may continue our series of powers in a retrograde 
order, and that in two diOercnt ways ; first, by dividing always 
Iry R, and secondly by diminishing the exponent by unity. And . 

rM«!. Alg. 7 
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it is evideat that, whether we Mlow the one ot Oe other, tht 
terms are still perfectlj' equal, Tliis decreasing serin Jm 
represented, in botb forms, in the fallowing table, whick Bnat la 
read backwards, or frooi right to left. 



1 


1 


i 


1 


1 


M' 


a 


aaaaaa 


aaaaa 


aaaa 


iiau 


aa 


1 
a* 


1 
o» 


I 
a* 


1 


T' 


1 


a-* 


or* 


'-* 


€C-' 


a.-* 


rr->a»|a» 



17r. We are thus brought to nnderatand the nature ofpowen^ 
vhose exponents are negative, and are enabled to assign the 
precise value of these powers.* From what has been nU* it t^ 

pears that. 



a' ^ 



rut 



' is eqaal to 



178. It win be easy, from the foregoing notation, to And tht 
pffweri ofaprodaet, a b. They mmt rndmtiy be a b, or a* b>, 
a* b*, a* b*, a* b*, a' b', ^e. JMihepmotn tfjrae^imM wtS 
ie/rowt in (Ac mnMVumMri for exampU thiae ^^an, 

b"** ^' b^' b*' £5* bS* b'' *"* 

179. Lastly, we have to consider the poven of negative nmi- 
bers. SuppoM tlie given number to be — a; its powers « III 
form the following Bertes : 

— a, +00, — o", +o*» — a«, +0% &c. 
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W* may observe, that those powei-a «nly become Begative 
whose exponents ai-e tuld numbers, and tliat, on the contrarjf, 
all the powers, whidt have an even number fur the ex[>onent> 
ape piisiti^e. So that, the third, fifth, seventh, nintit, &c., pow- 
eta have each the sign ~- ; and the second, fourth, »ixth, eighth, 
&c. powers are affected with the sign +. 
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CHAPTER XVU. 

Of the ailailation of Powers. 



180. We have nothing in particuliir to observe with regai-d 
to the addition and subtraclion of powers; for we only i-epi-e- 
sent these operations by means of the signa + and — , when the 
powers arc dificrent. For example, a' + a* m the sum of tim 
second and third powers of a ; ami a' — a* is ivhat remains 
•when ive suhtract the fourth power of a. from the fifth ; and neUhar 
of these restUts can be abridged. When we have powers of the 
same kind, or degree, it is evidently unnecessary to connect 
them by signs; fl^ +a' makes 2 a^, &c. 

181. But, in the mnltiplication of powers, several things re- 
quire attention. 

First, when it is required to multiply any power of a by a« 
we obtain the succeeding power, tliat is to say, the power whose 
exponent is greater by one unit. Thus a*, multiplied by a, i 
produces a' ; and a^, multiplied by a, produces a*. And, 
the same manner, when it is required to multiply by a Ibe 1 
powers of that number which have negative exponents, we must 
add 1 to the exponent. Thus, a~ • mulliptied bg a produces a* or 
I ; which is made more evident by considering that a' ' is equal 

to ", and that the product of — by a being — , it is consequently 

equal to I. Likewise a ' multiplied by a produces a~', or 

-; and c~*°, multipled by a, gives a"*, and so on. 

'■182. Next, if it be required to multiply a power of a by n a« 
t the second power, I say that the exponent becomes greater 
Thufl, tho product of a* by a' is a* ; that of a' by n ^ 
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a' ; that of a^ by a* is a* ; and, more generally^ a^ mvttipliid 
by a* makes a'H-s. With regard to negative exponeniif we shall 
have a^9 or a^ far the product of a*"^ by a' ; for a~^ being equal 

to -^, it is the same as if we had divided a a by a ; consequently 

the product required is — , dr a. So a^*, mtiUiplied by h* prth 

duces a®, or 1 ; and a~*, multiplied by a*, produces a""*. 

183. It is no less evident that, to multiply any power of a by 
a^f we must increase its exponent by three units ; and that 
consequently the product of a* by a' is fl"+'. And whenever it 
is required to multiply together two powers of tL, the product will be 
also a power of a, and a power whose exponent wUl be the sum ^ the 
eocponents of the two given powers. For example^ a'* multiplied by 
a' will make a^, and a^* multiplied by a'' will produce a^ *f &c. 

184. From these considerations we may easily determine the 
hi/;hest powers. To findf for instance^ the twenty-fourth power 
of 2, 1 multiply the twelfth power by the twelfth power^ because 
2** is equal to 2^* X 2*'. Now we have already seen that 
2^> is 4096 ; I say therefore that the number 16777216, or the 
product of 4096 by 4096, expresses the power required, 2' ^. 

185. Let us proceed to division. We shall remark in the 
first place, that to divide a power of h by tip we must subtract 1 
from the exponent, or diminish it by unity. Thus a', divided by. 

a, gives «* ; a^, or 1, divided by a, is equal to a"* or — ; «"*, 

divided by a, gives a"*. 

186. If we have to divide a given power of a by a*, we mnat 

■ 

diminish the exponent by 2 ; and if by a^, we must 6ubtra$A 
three units from the exponent of the power proposed. S09 is 
general, whatever power of sl it is required to divide by another 
Jiower oJvl, the rule is always to ubtract the exponent qfihe second 
Jrom the exponent of the first of Uiese powers. Thus a^', divided 
by o^, will give a'- ; a* divided by a'', will give a*"* ; and a"^*, 
divided by o*, will give or''. 

187. From what has been said above, it is easy to understand 
the method of finding the powers of powers, this being done by 
multiplication. When we seek, for example^ the square, or the 
second power of a', we find a* ; and in the same manner we 
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find a" for the third power or the cube of a*. To obtain the 
squure ofapower, it-e lurve ontif to douUeits exponent ;J'oritiaibc, 
•we must triple the expormtt ; and so on. The square of a" ia 
fl"" ; the cube of a' is «'"; the seventh power of a" iaa'", &c, 

IBS. Tlie sfjuare of a*, or the square of the square of a, 
being c*, we soe why the fourth power is called the bi-quadratc. 
The square of a^ is a* ; the sixth power has therefore i-eceived 
the name of the square-cubed. 

Lastly, the cube of a^ being n*, we call the ninth power the 
cvho-cubf. No other denominations of this kind have been 
introduced for powers, and indeed (he two last arc very little 
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CHAPTER XVIU. 

Of Roots with relation to Powers in general. 



189. Since the square root of a given number is a number, 
whose square is equal to that given number ; and since the cube 
root of a given number is a number, whose cube is equal to tliat 
given number; it follows (hat any number whatever being given, 
wo may always indicate such roots of it, that their fuurth, or 
their fifth, or any other power, may be eriual to the given num- 
ber. To distinguisli these dilferent kinds of roots better, we 
shall call the square root the aecond root ; and the cube root the 
third root : because, according to this denomination, we may call 
ihe fourth root, that whose hiquadrate is e^jual to a given num- 
ber ; and thefflh root, that whose fifth power ia equal to agiven 

^number, &c. 

^^190. As the square, or second root, is marked by the sign 

^^^ and the cubic or third root l*y the sign \/, so tiic fourth root 
ines 



■represented by the sign v* i the fiftli root by the sign v ; and 
I it is evident that according to this mode of expression. 



[he sign of the square root ought to be ^, But as of all roots 
this occurs most frequently, it has been agreed, for the sake of 
brevity, to omit the number 2 in the sign of this root. So that 
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when a radical sign baa no number pr^xedy this always shews 
that the square root is to be understood. 

191. To explain this matter still further^ we shall here exhibit 
the different roots of the number Oy with their respectiTO Talues : 



VS" "* 



CStA^ 



^is the< 



s_ 

So that conversely ; 
The 2d 1 



Tbedd 
The 4th 
The 5th 



>power of < 



3d 
4th 
5th 
6th 



4_ 



>root of ^y 



a. 



a. 



a, and so on«. 



■flf 



a, 



> is equal to <( a, 



•a J 



«» 



Lflf 



The 6thJ 
and so on. 

192. Whether the number a therefore be great or small^ wa 
know what value to affix to all these roots of different degrees* 

It must be remarked also, that if we substitute unity for Oy all 
those roots remain constantly 1 ; because all the powers of 1 
have unity for their value. If the number a be greater than 1^ 
all its roots will also exceed unity. Lastly* if that number ba 
less than I9 all its roots will also be less than unity. 

193. When the number a is positive, we know from what was 
before said of the square and cube roots, that all the other roots 
may also he determined, and will be real and possible numbers; 

But if the number a is negative, its second, fourth, sixth, and 
all the even roots, become impossible,' or imaginary numbers ; 
because all the even powers, whether of poaitivej or of negative 
numbers, are ajfected with the sign +. Whereas the third, Jifik^ 
seventh, and ott odd roots, become negative, but rational ; because 
the odd powers of negative numbers, are also negative. 
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)94. We iiave here also an inexhaustible scource of nev kindl ■ 
of sui-d, or irrational quantities ; fur whenever the number ai4 \ 
not actually such a power, as some one of the foregoing indices j 
represents, or seems to require, it is impossible to expiea*' 
that root either in whole numbers or in fractions ; and conse« 
quently it roust be classed &mong tke numbers ubich are called ] 
irratioDBl. 
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CHAPTER XIX. 

the Method of representing Irrational A'\imbers by Fraclmial 
Exponents. 

195. We hare shewn in the preceding chapter, that the Bquare 
of any power is found by doubling the exponent of that power, 
and Ihnt in general the square, or the second power of o" , is 
a*". Tbe converse folIowH, namely, that the square root of the 
pmvcr a^" is a" . and tbat it isjound by taking Imlfthe exponent of 
tliat power, or dividing it by 2. 

196. Thus the square root of a' is o' ; tbat of a* isa* j 
ihat of a* is a' ; and so on. And as this is general, the square 
root of a^ must necessarily be a^ and that of a' a^. Con- 
sequently we sball have in the same manner a^ for tbe square ' 
root of a' ( whence we see that a^ is equal io Va"! ■""' thid' , 
new method of representing the square root demands particular' 
attention. 

197. We have also shewn that, to find the cube of a power as 
a" , we must multiply its esponent by 3, and tbat consequently 
the cube is a'". 

So conversely, when it is required to find the third or cube 
root of the power a'", we have only to divide tbeexpnneni by 
3, and may with certiinty conclude, that the rootrrquired isa". 
Consequently a*, or a, is the cube root of a* ; a' is that of a* ; 
a^ is that of a* ; and so on. 

198. There is nothing to prevent lis from applying the same 
roaaoning to those cases in which the exponent is not divisible 
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by 3, and concluding that the cube root of a* is o^^ and that the 
cube root of a^ is a*^, or a ^. Consequently the thirds or 
cube root of a also« or a^ must be a^. Whence it appears that 

a^ is eqiiattos/wu 

199. It is the same \rith roots of a higher degree. The 

1 
fourth root of a will be a ^t which expression has the same value 

as Va. The fifth root of a will be o^, which is consequently 

equivalent to v^; and the same observation may be extended 
to all roots of a higher degree. 

200. We might therefore entirely reject the radical signs at 
present made use of» and employ in their stead the fractional 
exponents which we have explained ; however, as we have been 
long accustomed to those signs, and meet with them in all 
books of algebra, it would be wrong to banish them entirely. 
But tliere is sufficient reason also to employ, as is now frequently 
done, the other method of notation, because it manifestly corres- 
ponds with what is to be represented. In fact, we see immediate* 

]y that a^ is the square root of a, because we know that the square 

111 
of a^, that is to say, a^ multiplied by a^, is equal to a^ or a. 

SOI. What has now been said is sufficient to shew how we 

are to understand all other fractional exponents that may occur. 

If we have, for example, a^, this means that we must first 
take the fourth power of a, and then extract its cube or third 

4 9 

root; so that cH^ is the same as the common expression, \/a«*. 

s 
To find the value of a^, we must first take the cube, or the 

third power of a, which is a^^ and then extract the fourth root 

of that power; so that a"^ is the same as ^a^. Also a^ is 

equal to \/aAf &c. 

202. When the fraction which represents the exponent ex* 
ceeds unity, we maf express the value of the given quantity ia- 

anotlier way. Suppose it to be d^ ; this quantity is equivalent 

to o^2-, which is the product of a* by a*. Now a^ being 
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^.|utii x^M vo, " " w,.^^..» »— «. is equal to o* v'a. So fl ^ 5 

- 1 3 15 33 

or a '^ is equal to o* Vo * ^"^ ^^ » ^'^** is o ^, expresses 
a^ Va3. These examples are sufficient to illustrate the great 
utilit)r of fractional exponents. 

203. Their use extends also to fractional numbers : let there 

be given --=9 we know that this quantity is equal to -7 ; now 

we have seen already that a fraction of the form —^ may be ex- 
pressed by ar^ ; so instead of — =: we may use the expression 

a-i. In the same manner^-^ — w equal Ifi a^T. Again, let 
the quantity be proposed ; let it be transformed into tliis, 

— , which is the productof a' by an^ ; now this product is cqui- 

«».«..» ^ «• , or to a S or lastly to a v^a. Practice will ren- 
der similar reductions easy. 

204. We shall observe, in the last place, that each root may 
be represented in a variety of ways. For \/o~ being the same 

as a^, and | being transformable into all these fractions, f . |, ^, 
tV* tV*^*' itis evident that v^ts eqiud to \/aSf and to v^s and 
to va^« ^°^ SO on. In the same manner v'o* which is equal 

to a''f will be equal to v'aSy and to Vas, and to Va^* And 
we see also, that tlie number a, or a^, might be represented by 
the following radical expressions : 

«— 3^ 4__ 5 _ 

Va>, Vfl*» v'fl*^ V^fl^f «^» 

205. This propei*ty is of great use in mullipliration and ' 

division : for if we have, for example, to multiply \^a by va, 

6 3 6 ^ 3 

we write vi? for Va. ^^^ v'«^ instead of vo > *" this man- 
ner we obtain the same radical sign for both, and the multi- 

plication being now performed, gives the product y'a'* Tlie 

mime result is deduced from a'"^, the product of a^ mulli- 
Eid. Mg. 8 
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1 
plied by a^ ; for ^ + -^ is !» and conseqaently tbe product n« 

quired is a^ or x/a^m 

it were required to divide %/tL, or sfl, by \/^ or a^, toi 

should have for the quotient a^ », or fJ "^^ that is say^ nr 

« _ 
or^a. 



CHAPTER XX. 

Of the different methods of calculationf and of their mutvut 

connexion. 

S06. HiTHEBTO ^e have only explained the different methods 
of calculation : addition^ subtraction^ multiplication, and divis- 
ion ; the involution of powers, and the extraction of roots. It 
«vill not be improper therefore, in this place, to trace back the 
origin of these different methods, and to explain the connexion 
which subsists among them ; in order that we may satisfy our* 
selves whether it be possible or not for other operations of the 
same kind to exist. This inquiry will throw new light on the 
subjects which we have considered. 

In prosecuting this design, we shall make ose of a new cba« 
rarter, which may be employed instead of the expression that 
has been so often repeated, is equal to; this sign is =, and is 
read is equal to. Thus, when I write a = 6, this means that a is 
equal to b: so, for example 3 -f 5 = 15. 

20r. The first mode of calculation, whicli presents itself to the 
mind, is undoubtedly addition, by which we add two numbers 
together and find their sum. Let a and b then be the two given 
numbers, and let their sum be expressed by the letter c, we shall 
have a + b = c. So that when we know the two numbers a and 
• ft, addition teaches us to find the number c. 

£08. Preserving this comparison a + b = c, let us reverse the 
question by asking, how we are to find the number A, when we 
know the numbers a and c 

It is required therefore to know what number must be added 
to a, in order that the sum may be the number c. Suppose, for 
example^ as 3 and c = 8; so that we must have 3-(-b=8'; 
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twill evidenOy be found by subtracting 3 from 8. So,ingctiernl» 
to find b, we must siibtmct a from c, whence arisrs b:^ c — iz ; 
for by adding a to both sides again, we have b + a = c — o + o,' 
that ia to say :^ c, aa we snpposed. 
Sucli then is the origin of subtraction. 

209. Subtraction therefore takes place, wlien we invci'l the 
question which gives rise to addition. Now the number which 
it is required to snhti-act may happen to be greater than that 
from which it is to be subtracted; as, for example, if it were 
required to subtract 9 from 5 : this instance Ihei-efore furnishes 
as with the idea of a new kind of numbers, which we call nega- 
tive numbers, because 5 — 9 = — 4. 

210. When sevei-al numbers are to be added together which 
are all equal, tlicir sum is found by multiplication, and is called 
a product. Thus a b means the product arising from the multi- 
plication of a by b, or from the addition of a number a to itsell' 
21 number of times. If we represent this product by the letler 
c, we shall have u& = c; and multiplication teaches us how to 
determine tlie number c, when tlie numbers n and b are known. 

Sll. Let us now propose the following question : the numbers 
a and c being known, to find the number b. Suppose, for 
example, a = 5 and c = 15, so that 3 fc = 15, we asls by whatrl 
number 3 must he multiplied, in oi'der that the product may b«' j 
15 : for the question proposed is reduced to this. Now this j 
division-, the number requii-ed is found by dividing 15 by sg 
and therefoi-c, in general, the number b is found by dividing a 
by a ; from which results the equation 6 = — . 

212. Now, as it frequently happens that the number c cannot 
be really divided by the number n, while the letter b must how- 
ever have a determinate value, another new kind of numbers. I 
presents itself; these are fractions. For example, supposing I 
a = A, c = 5, so that 4b = 3, it is evident that b cannot be an ' 
integer, but a fraction, and that we shall have & = |. 

ai3. We have seen that multiplication arises from add!*' 
tion, that is to say, from the addition of several equal 
quantities. If we now proceed further, wc shall perceive. ' 
Ibat from the muKiplicatian of several equal quantities tO'_ j 
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gethcr powers ai*e derived. Those powers are represented in 
a general manner by the expression a* 9 which signifies that the 
number a must be multiplied as many times by itsclfy as is 
dcnotcdHliy the number b. And we know from what has been 
already said, that in the present instance a is called the root^ b 
the exponent, and a^ the power. 

214. Further, if we represent this power also by the letter Cf 
we have a^ = c, an equation in which three letters a, 6, €9 ai*e 
found* Now we havo shewn in treating of powers, how to find 
the power itself, that is, the letter c, when a root a and its 
exponent b are given. Suppose, for example, a =; 5, and b = 3, 
so that c = 5^ ; it is evident that we must take the third power 
of 5, which is 125, and that thus c = 125. 

215. We have seen bow to determine the power c, by means 
of the root a and the exponent b ; but if we wish to reverse the 
question, we shall find that this may be done in two ways, and 
that there are two different cases to be considered : for if two 
of these three numbers a, 5, c, were given, and it were required 
to find the third, we should immediately perceive that this 
question admits of three different suppositions, and consequently 
three solutions. We have considered the case in which a and b 
were the numbers given, we may therefore suppose further that 
c and a, or c and b are known, and that it is required to deter- 
mine the third letter. Let us point out therefore, before we 
proceed any further, a very essential distinction between invo« 
lution and the two operations which lead to it. When in 
addition we reversed the question, it could be done only in one 
way ; it was a matter of indifference whether wo took c and a^ 
or c and 6, for the given numbers, because we might indififer- 
ently write a + b, or b + a» It was the same with multiplica- 
tion ; we could at pleasure take the letters a and 5 for each 
other, the equation ab=iC being exactly the .same as ba=:c» 

In the calculation of powers, on the contrary, the same thing 
does not take place, and we can by no means write ^ instead of 
a^ • A single example will be sufliciont to illustrate this : let 
a = 5, and 6 = 3; we have a* = 5^ = 125. But 6« = S* = 24S : 
two wry different results. 
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CHAPTER I. 

Of the JiddiUon rf Compound Quantities* 

ABTICJiE 216. 

Whbv two or more expressions^ consisting of several terms, 
are to be added together^ the operation is frequently represented 
merely by signs* placing each expression between two paren* 
theses, and connecting it with the rest by means of the sign -f« 

If it be required, for example, to add the expressions a+b + e 
and d + e +/, we represent the sum thus : 

(a + b + c) + (d + e+f). 

217. It is evident that this is not to perform addition, but only 
to represent it. We see at the sanre time9'ho1i«rltJ|Pji that in 
order to perform it actually, we have only to •rhni^e* out the 
parentheses ^ for as the number d -f e +/is to Hie added to tho 
other, we know that this is done by joining to it Aret -f- d, then 
4- e, and then +/; which therefore gives the sum 

a + h + c^d + e+f. 
The sanre method is to be observed, if any of the terms are 
alflfected with the sign — -; they must be joined in the same way^ 
by means of their proper sign. 

218. To make this more evident, we shall consider an exam- 
ple in pare numbers. It is proposed to add the expression 
15 — 6 to 12 — 8. If begin by adding 19, we shall have 
IS — 8 + 15; now this was adding too much, since we had only 
to add 15^-6, and it is evident that 6 is the number wliirh we 
have added too much. Let us tbei-efore take this 6 away by 
writing it with tho negative sign, and we shall have the true 
sum, 12— •8 + 15 — 6, 
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ivhich shews that the sums are found by iU)riHng all the termsf 
each with its proper sign. , 

219. If it were required therefore to add the expression 
d-^e *^f to a -^ h.+ c, we should express the aum thus : 

a^^b + e + d'^e^-'f, 
remarking howerer that it i§ of no consequence in what order 
we write these terms. Their |dace may be changed at pleasnrey 
provided their signs be preserved. This sam mighty for exam- 
ple^ be written thus : 

£20. It freqnenflj happens, that the sums represented in 
this manner may be considerably abridged^ as when two or 
more terms destroy each other ; for example, if we find in the 
saimesamthe terms +0^-^09 orSa — 4a + az or when two 
or more tmns may be reduced to one* Examples of this seconA 
reduction : 

— -6c + 10cs-f.4c; 

5a — 8a = .— 3a; — 7fr + 6 = ~66; 
— 3c — 4c = -— 7c; 

2a—- 'da + as:*— 2a; *-«3i-*-5i-f 2frs— 66. 

Whenever iwo or more terms, therefore, are entirely the same vriih: 

r^;ard to liters, their sum may be abridged : but those cases 

must not be confounded with such as these, 2aa-f So^ or 

£ (3 .^ 54^ which admit of no abridgment. 

221. Let us consider some more examples of reduction; tho 
following will lead us immediately to an important truth. Si^ 
pose it were required to add together the expressions a + b and 
a^— b; our rule gives a-fi + a— (; noilFa-fa=:2a and 
ft— .b=sO; the sum then is 2a: consequently if we add together 
the sum of two numbers (a -f A) and their dtfierence (a •— fr,) 
we obtain the double of the greater of those two numbers. 

Further examples : 

a^ -— 2aa& + 2a(6 
— -aafr-f 2a56 — b^ 



Sa — 2ft 
5ft_6c + a 

4a+56 — 7g 



a'-p.3aa5 + 4aft5 — 6^ 



CHAPTER n. 

Cffthe SuhtfticHan oJ Ccmpmmd (fuanUties. 

£122. If we wish merely to represent subtraction^ we inclose 
each eipressien within two parentheses^ connecting^ hy the sign 
•— t the expression to be sobtractod with that from wiiicb it is to 
be taken. 

When we subtract, for example, the expression d-^e+f 
from the expression a^^b + Cf we write the remainder thus ; 

(a-.d+e)~(il-«+/)l 
and this method of representing it sufficiently shews, which of the 
two expressions is to be subtracted from the other. 

d£d« But if we wish to perform the subtraction, we must 
observe, first, that when we subtract a positive quantity + b 
from another quantity a, we obtain a—- ft : and secondly, when 
we subtract a negative quantity — 5 from a, we obtain a + b; 
because to free a person from a debt is the same as to give him 
something. 

£24. Suppose, now, it were required to subtract the expres- 
sion b — d from the expression a-^^c, we first take away ft; 
which gives a — - e -— (. Now this is toking too much away by 
the quantity d, since we had to subtract only b — - d $ we must 
therefore restore the value of d, and we shall then have 

a'-^e-^h+d; 
whence it is evident, that the tenm rfthe exprtMon to be subtract^ 
ed must have their gigm changed, and be joined, with the cmtrary 
signs, to the terms of the other expreesion^ 

8£5. It is easy, therefore, by means of this rule, to perform 
subtraction, since we have only to write the expression from 
which we are to snbtract, such as it is, and join the other to it 
without any change beside that of the signs. Thus, in the fiivt 
example, where it was required to subtract the expression 
d — e-f-/froma—* 6+c, weobtain a<— i-f-c — d + e — f. 

An example in numbers will render this still more clear. If 
we subtract 6 '— £ +4 from 9 — 3 -f 2, we evidently obtain 

9 — 3 + 2 — 6 + 2 — 4; 
for 9 — 3 + 2 = 8; also, 6— 2+4 = 8; now 8 — 8 = 0. 
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2d6. Subtraction being therefore subject to no difficulty, we 
have only to remark* that^ if there are found in the remainder 
two, or more terms which are entirely similar with regard to 
the letters, that i*emainder may be reduced to an abridged form, 
by the same rules which we have given in addition. 

227. Suppose we have to subtract from a -f 6, or from the san 
of two quantities, their difference a-^fr, we shall then have 
a + b — a -f 6 ; now a — • a = 0, and 6 + 6 = 26; the remainder 
sought is therefore 2 b, that is to say, the double of the less of 
the two quantities. 

228. The following examples will supply the place of further 
illustrations. 



00 + 06 + 66 
66+a6— -aa 



2aa. 



Sa-~46 + 5c 

26+4C — 6a 



9a — 66 + c. 



ii^ + daa6+3a66 + 6*|Va +3v^ 



a^ — 3aa6+3a66 — 6^ 



6aa6 + 26^ 



\/a — Sv* 



+ 5\/k. 



CHAPTER III. 

Of the Mtdtiplicaiion of Compound Quantities. 

229. When it is only required to represent multiplication, 
we put each of the expressions, that are to be multiplied together, 
within two parentheses, and join them to each other, sometimes 
without any sign, and sometimes placing the sign x between 
them. For example, to represent the product of the two expres- 
sions a — 6 + c and d — e+ff when multiplied together^ we 
write. 

(a — b + c)x(d — e+f.) 
This method of expressing products is much used, because it 
immediately shews the factors of which they arc composed. 

230. But to shew how multiplication is to be actually per- 
formed, we may remark, in the first place, that in order to 
multiply, for example, a quantity, such as a— *6 + c, by 2, each 
term of it is separately multiplied by that number | so that the 
product is 

a a — 26 + 2 c. 
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Now tbe same thing takes place with regard to all other 
numbers. If d were the number* hj . which it is required te 
multiply the same expression* we should obtain 

231. We supposed d to be ia positive number ; but if the factor 
were a negative number* as — -f* the rule heretofore given must 
be applied ; namely* that two contrary signs, multiplied togetlier, 
produce — , and that two like signs give -f. 

We shall accordingly have 

— ae + he — ce. 

2S^« To shew how a quantity* .S* is to be multiplied by a 
compound quantity* d — - e ; let us first consider an example in 
common numbers* supposing that A is to be multiplied by 7 — S. 
Now it is evident* that we are here required to take the quad- 
ruple of .^ ^ for if we first take A seven times* it will then be 
necessary to subtract 3 A from that product. 

In general* therefore* if it be required to multiply by f — e* 
we multiply the quantity A first by d and then by e* and subtract 
this last product from the first ; whence results dA — e wf . 

Suppose now .^ = a — • &» and that this is the quantity to be 
multiplied by d — e; we shall have 

dA=zad^~bd 
eA:=zae -— 6 e 



whence the product required =sad — bd — ae + be. 

£SS. Since we know therefore the product (a — b) x (d — e*) 
and cannot doubt of its accuracy* we shall exhibit the same 
example of multiplication under the following form : 

a — b 
d — e 



ad-^bd-^ae + be. 

This shews* that we must mtdtiply each term of the upper eor- 
pressian by each term of the lower, and that> with regard to the 
signs* we must strictly observe the rule before given ; a rule 
which this would completely confirm* if it admitted of the least 
doubt. 

BuLAlg. 9 
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234. It will be easj^ according to this rule^ to perform the 
following exftDiple^ which is, to multiply a + b by a — b: 

a + b 
a — b 



aa + ab 
— ab^hb 

Product a a — bb» 

235. Now we may substitute, for a and b, any determinate 
numbers ; so that the above example will furnish the following 
theorem ; viz. Theprodu^ of the sum of two numbers, multiplied 
by tluir differencef is equal to the difference of the squares of those 
mimlbers. This theorem may be expressed thus : 

(a + 6) X (a — * ft) = aa — ft ft. 
And from this, another theorem may be derived ^ namely. 
The difference of two square numbers is always a product, and 
divisible both by the sum and by the difference of the roots of those 
two squares. 

236, Let us now perform some other examples : 



I.) 


2a — 3 
a + 2 






Saa— -3a 
+ 4a- 


-6 




Qaa + a^^ 


6. 



IL)4aa — 6a-|-9 
2a +3 

8a^ — 12aa-f 18 a 

+ 12aa— 18a+27 

8 a* + sr 
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■ 

in.) 3aa-^Sa« — it 
2a — 4ft 



6 a' — 4aaft — 2ahb 

— I£aaft + 8abft4-4ft^ 

6a3 — 16 a aft +6 a bft +4 ft* 



IV.) aa + 2flft + 2ftft 
aa— -2aft + 2ftft 

a^ + 2a^b+Qaahb 
— 2a*ft— 4aaft6 — 4aft3 

+ 2aabb +4ab^ +4b^ 



a*+4ft^ 



m ■> 



V.) 2o^a — Saft — 4ftft 
3 aa— -2aft + ftft 



6ai— 9a*ft — 12aaftft 

— 4a*6 + 6aa&6+ Saft^ # 

-f2aaftft — 3a 6*— 4 6* 

•■^IMHM ai^MHia^ HMIBaiW ■■«■■««■ aWB^iM a_ai^nM ■■■■1^^ •MHMI^KMM.lii* 

6a* — 13 a3 ft — 4 aaft ft +5aft»— 4 ft^ 

VI.) aa + ftft-f-cc — ab-^ac — be 
a+ b +c 

a^, +abb + acc-~'aab — aac — abc 

aaft-f ft' + bcc^-^abb — «*c— .ftftc 

aac+ftftc + c' -«aftc — ace — bcc 

a» — 3afte + ft' + c'. 

ssr. FT/ten t(;e Aare more than two quantities to multiply to- 
gethevf it wiU easily be understood that, after having muttiptied 
two of them together, we must then mulHjAy that product by one 
qf those which remain, and so on. It is indifferent wliat order is 
cbserved in these multiplications. 
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Let it be proposed, for example, to find the value, or prodoci^ 
of the four following factors, vi»» 

I. 11. III. IV. 

(a + b) (aa + ab + bli) (a — 6) (aa^^ah + hb). 
We will first multiply the factors I. and II. 
II. aa + ab + bb 
I. a+ b 

a^ +aab + abb 
+ aab + abb + b^ 



I. 11. a^ +2aab + 2abb + b*. 
Next let us multiply the factors III. and IT. 
IV. aa-^ab +bb 
III. a — b 



a^ — aab + abb 
'-^aab + abb — b^ 



IIL IV. a^— 2aa6+2a66 — 6«. 
It remains now to multiply the first product I. II. by this 
second piquet HI. IV. : 

a^+2aab + 2abb + b^ I. II. 
af—2aab + 2abb — b^ III. IV. 

a* +2a' b + 2a^bb+ a* 6* 

— 2 a* h — 4a^bb — 4 a* 6* — 2afl6* 

£a*66 + 4fl3 J3 +4aa6* + 2a6« 

_ a3 6» — 2aa6*— 2a6'— 6« 

a» — J«. 
And this is the product required. 

£38. Let us resume the same example, but change the order 
of it, first multiplying the factors L and III. and then II. anil 
IV. together. 

I. a+b 
in. a— 6 



aa + ab 
—ab-^bb 



I. IIL =:aa^^h. 



rV. aa-^-ab + bb 



a^^a^b + aabb 
^-^a* b — aa66 — a6* 

aabb +ab^ +b^» 

IL IV. =a*+aa66 + M. 
Then multiplying the two products I. III. and IL lY. 
II. lY. =z a^ + a abb + b^ 
I. III. = a a — 6 6 



— a* 6 — a a 6* — i* 

we have a* — 6*, 
which is the product required* 

£39. We shall perform this calculation in a still different 
manner, first multiplying the I", factor by tlie IV*. and next 
the IP. by the IIP. 

n^ aa — ab +bb 
I. a + b 



a^ — aab + abb 

abb — abb + b^ 



I. IV. = a^+6^ 



II. a a + a 6 4- 6 6 

III. a — 6 

a^ + aab + abb 
^^aab — abb^^b^ 

ILIII. = a3 — 6*. 

It remains to multiply the product I. IV. and IL III. 
I. IV. = a« + 6* 
ILIII.=a3_6» 



a« + o» t» 
— a^ ft* — 6« 



tad we still obtain a* — b^, as before. 
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240. It will be proper to illoitnite this ex«iii|de b j a nameri- 
cal application. Let us make a = 3 and fr = 2, we shall have 
a + b=z5 and a — i = l; further^ aas=9, afr = 6, fr>=4. 
Therefore aa + ab + bbz=:19, and aa^^ab + bb^T. So that 
the product required is that ot 5x19x1x7, which is 665. 

Now a* =729^ and (* =64, consequently the product re- 
quired is a* -*• 5* = 665^ as we have already seen. 



CHAPTER IV. 

Of the Divison of Compownd QuaniUieSm 

141. AYhen we wish simply to represent division, we make 
use of the usual mark of fractions, which is, to write the de- 
nominator under the numerator, separating them by a line ; or 
to inclose each quantity between a parenthesis, placing two points 
between the divisor and dividend. If it were required, for 
example to divide a + 6 by c -f d, wo should represent the quo- 

tient thus — — , , according to the former method : and thus, 

C -7- a 

(a + 6) : (c + rf) according to the latter. Each expression is 
read a + b divided by c + d. 

242. Wlien it is required to divide a compound quantity by a 
simple one, we divide each term separately. For example ; 

6fl — 86 + 4 c, divided by 2, gives 3 a — 4 b+^c; 
and (a a — 2 a 6) : (tt)=:a — 2 6. 
In the same manner 

(a^ — 2aab + Saab): (a)z=:aa — ^ab + Sab; 
. (Aaab — Saac + Sabc) : (2a) = 2a6 — Sac+4bc; 
(9aabc — 12 ab b c + 15 ab c c) : (S ab c) =i S a — 4b-f5 c, &c. 

243. If it should hap])cn tliat a terra of the dividend is not 

divisible by the divisor, the quotent is represented by a fraction. 

If 
as in the division of a +6 by a, which gives 1 + — . Likewise, 

b bh 

(a a — fl 6 + 6 6) : (a a) = 1 -| — ^ 

a aa . 

For the same reason, if we divide 2a+fr by 2, we obtain 

h 1 

a +'^; and here it may be remarked, that we toay w rite — b. 
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instead of •-, because ~ times b is equal to — • In the same 

b 1 26 Q 

manner -- is the same as - 5, and -- the same as -- b, &c. 
3 3 3 3 

244. But wheA the divisor is itself a compound quantity^ 
division becomes more difBcuIt Sometimes it occurs where we 
least expect it ; but when it cannot be performed, we must con- 
tent ourselves with representing the quotient by a fraction, in 
the manner that we have already described. Let us begin by ^ 
considering some cases, in which actual division succeeds. 

^45. Suppose it were required to ^vide the dividend ac — be 
by ihe divisor n—- «&, tAe gw>tient must then be such as, when 
wiiifttpRed by the divisctr a — b, will produce the dividend a c — b c« 
Now it !s evident, that tM^ quotient must include c, since with- 
out it we couM not obtain ac. In orders therefore, to try 
whether c is the whole quotient, we have only to multiply it by 
the divisor, and see if that multiplication produces the whole 
dividend, or only part of it. In the present case, if we multiply 
a*— 6 by c, we have ac — b c, which is exactly the dividend ^ 
so that c is the whole quotient. It is no less evident* that 

(a a + ab') : (a + b) z=: a ; (3 a a- — 2 a 6) : (3 a — 2 6) = a ; 
(6 o a — 9 a 6) : (2 a — Sb):=:5af &c. 

246. We cannot fail, in this way, to find a part of the quotient; - 
t^ Iher^ore, what we have found, when muliiplied by the divisor, 
does not yet exhaust the dividend, we haroe only to divide the 
remainder again by the divisor, in order to obtain a second part of 
ihe quotient ; and to continue the snme method, until we havefbund 
ihe whole quotient. 

Let us, as an example, divide aa + 3a& + 266bya-ffr;itis 
evident, in the first place, that the quotient will include the terin 
a, since otherwise we should not obtain a a. Now, from the 
multiplication of the divisor a + bhy a, arises aa + ab; which 
quantity being subtracted from the dividend, leaves a remainder 
^ab + 29b» This remainder must also be divided by a + 6 ; and 
it is evident that the quotient of this division must contain the 
term 2 6. Now 2 6, multiplied by a + 6, produces exactly 2 a 6 + 
£ & ft ; consequently a -f 2 ( is the quotient required ^ which, mul- 
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tiplied by the divisor a + b, ought to produce the dividend 
aa+ Sab + &bb. See the whole operation : 

a + b)aa + Sab+2bb(a + &b 
aa + ab 



Zab+2bb 
2ab+2bb 

0. 
247. This operation wiU be JacilUaUd if we choose one tf the 
terms of the divisor to be written first, and then, in arranging the 
terms of the dividendf begin with the highest powers of that first 
term of the divisor. This term in the preceding example wasii ; 
the following examples will render the operation more clear. 
a«-.6) a^ -^Saab + 3abb'^b^ (aa— 3a6 + 66 



— 2aab + Sabb 

— ^aab + 2abb 

abb — b^ 
abb — b^ 

0. 



i*av«ai 



a+b)aa'^bb(^a'-»b 
aa + ab 



— ab'^-'bb 
^ab—bb 

0. 



■*ii ii 



3 a-^25) 18 aa — 8 66 (6a + 46 
18aa— . 12ii6 



12 a6 — 865 
12a6 — 866 

0. 
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a + V)a^ +b^ (aa — a( + 66 
a' +aab 



— aa6 -f-ft* 
— aab — abb 

abb + 0^ 
abb+b^ 

0. 



2a — 6) 8ft» — 6« {4aa + Qab + bb 
8«« — 4aab 



4aab — b* 
Aaab — ^abb 



J i 



2abb—b^ 
Qabb—b* 

0. 

aa — 2ab +bb) a^ — 4a^ b + 6aabb — 4a 6* +6* 
aa'^2ab+bb) a* — ^a^ b + aabb 



Jk ,^2a*b + 5aabb — 4a 6* 

; — 2a'6 + 4aa6& — 2a 6' 



f : aabb-^Qab^ +b^ 

nabb — 2ab^ +b^ 



0. 



aa'^2ab+4bb)a^ +4aabb+ 16b\aa + 2ab + 4bb 

a^^^^ a* b +.4 a abb 



f 



f'* 



. ,\ 2 a* 6 + 16 6* 

!^'5^- 2a» 6— 4ao66 + 8a6» 



? . 



i^" 4adbb—Bab* + i6b^ 

4aabb — 8a6«+166* 



0. 
BuU JOg* 10 






>' 
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a* — 2a* b + 2aabb 

£a'6 — Qaabb + 4b^ 
Za^b — 4aabb+4ab* 



Qaabb—4ab* +4b^ 
Zaabb — 4ab^+4b^ 

0. 



1 — 2X+XX) 1 — 5n? + lOxx — 10ac« + 5a:*— «• 

1 — SX + SXX — X^) 1 — 2X + XX 



— 3a? + 9xx — 
-^Sx + 6xx^ 


. 10a:» 
Sx* 




Sxx^ 


'7x*'+5x^ 
'6x* + Sx^ 




■ 




■oc* 



0. 



CHAPTER V. 

Of tA« IZesoZutuui ^ Fractions into ii^inite aeries. 

S48. Wh£N the dividend ia not divisible by the divisor^ fh% 
quotient is expressed^ as we have already observed, by a fic%Q- 
tion. 

Thus^ if we have to divide 1 by 1 — - a^ we obtain the fraetioa 

. This^ however, does not pvevent us firom attempting the 

divisionf according to the rules that have been given, and con* 
tinuing it as far as we please. We shall not fail to find the tnio 
quotient, though under different forms. 
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S49. To prove this, let us actualFy divide the dividend 1 by 
the divisor 1 — a, thus : 

1 — a)l(l + j-i-.; or, l_a)l(l+a + j^^ 

1-— g 1 — a 

remainder a "a ' 

a — aa » 



remainder a a 
To find a greats* number of forms, we have only to continue 
dividing a a by 1 — a; 

1 _a) aa (a a + - » then 1 — a) rt* (a« + ; 

aa — a* a* — a* 



a' 
and again l — .a) o* (a* + j^;^ 



a* — a' 



a' 9 &c. 

250. Thid shews that the fraction may be exhibited un- 

der all the following forms : 

ia.)l + a + aa+:^^; IV.) 1 +a + aa + a«+j^; 

a* 
V.)l+a + aa + o»+a*+ _— , &c. 

.. NoWf hy considering the first of these expressions, which is 

_ 1 - A 

1 4 , and remembering that 1 is the same as , we 

■^1— a 1 — a 

hftve 

a 1— 'g g _ 1— a + a _ 1 

If we follow the same process with regard to the second 
elSspresnon 1 +a + t~-» that is to say^ if we reduce the in« 
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tegral part 1 -|. a to the same denominator 1 — a, we shall have 

1— Art. ,.,.n IJ fl''^ 1111 I — flfl+fltt 

• , to which if we add + ; » we shall have — = — $ 

that is to say, . 

In the third expression^ i -f o + aa+ ^ » the integers 

reduced to the denominator 1 — a make- ; and if we 

1 — a 

add to that the fraction ; , we have : wherefore all 

1 — a 1 — o ' 

these expressions are equal in value to $ the proposed 

fraction. 

251. This being the case, we may continue the series as far 
as we please, without being under the necessity of performing 
any more calculations. We shall therefore have 

1 a* 

— — = \+a + aa + a^ +a^ +a' +o» +£i^ +717" » 

or we might continue this further, and still go on without end. 
For this reason, it may be said, that the proposed fraction has 
been resolved into an infinite series, which is 

to infinity. And there are sufficient grounds to maintain, that the 
value of this infinite scries is tlie same as that of the fraction 
1 

25£. What we have said may, at first, appear surprising; 
but the consideration of some particular cases i^ill make it easily 
understood. 

Let us suppose, in the first place, a = 1 ; our series will 

become 1+1 + 1 + 1 + 1 + 1+1, &c. The fraction , , 

1 — fl 

to Tvhich it must he equal, becomes -^. Now, we before remark- 
ed, that -- is a number infinitely great ^ which is^ therefore^ 
here confirmed in a satisfactory manner. 



Chap* 5. Of Ckmptmnd quanHUes. 77 

Bat if we snppoae asS^ our series beconifs = 1 -f 2-f 4 + 8 

-(- 16 -f SS 4- 64, &c. to infinity, and its Yaiue must be -, 

that is to say, — r^*^ ^ ' which at first sight will appear ab- 
surd. But it must be remarked, that if we wish to stop at any 
term of the above series, we cannot do so without joining the 
fj*action which remains. Suppose, for example, we were to stop 
at 64, after having written 1 + S + 4 -f 8 + 16 + S2 + 64, we 

128 1^8 

must join the fraction ■ ^ , or — -, or — 128 ; we shall 

therefore have 127 *— 1£8, that is in fact — 1. 

Were we to continue the series without intermission, the frac- 
tion indeed would be jio longer considered, but then the series 
would still go on. 

£53. These are the considerations which are necessary, when 
we assume for a numbers greater than unity. But if we suppose 
a less than 1, the whole becomes more intelligible. 

For example, let a = ^ ; we shall have 

which will be equal to the following series : 

I +1 +i + i +tV +7V + a +t4t* &c- to infinity. 
Now, if we take only two terms of tliis series, we have 1 + 1, 

and it wants |, that it may be equal to = 2. If we take 

three terms, it wants ^ ; for the sum is 1|. If we take four 
terms we have l|, and the deficiency is only |. We see, there- 
fore, that the more terms we take, the less the diflTorence becomes, 
and that, consequently, if we continue on to infinity, there will 
be no difference at all between the sum of the series and 2, 

the value of the fraction . 

1 — -o 

S54. Let a = 4 : our fraction •; will be = •; r =4 = U? 

' 1— -a ^""T 

Vrhich, reduced to an infinite series, becomes 
mild to which r is consequently equal. 



1 
TT 

1 
1% 
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When we take two terms, we have l^t and fhert wanta |. If 
we take three terms, we have 1{, and there will still be wanting 
Take four terms, we shall have 1|4, and the diflTerence is 
Since the 6rror, therefore, always becomes three times 
less, it must evidently vanish at last. 

255. Suppose a=| ; we shall have s - — ^ ss S^ and 

1 — fl 1 — J 

the series i '+•+$ + /^ + 1| + ^3/^, &c. to infinity. TaUii|} 

first 1|, the error is 1| ; taking three terms, which make d|, 

the error is | ; taking four terms we have Q^^ and the error 

is ^4-. 

£56. If a = |, the fraction is • r = -- =3 1| ; and the se- 

ries becomes i + J + ^^ + A + ttt» *^* The two first tertes 
making 1+^9 will give ^ for the error ; and taking one term 
more, we have l^'j, that is to say, only an *rror of ^. 

£57. In the same manner, we may resolve the fraction ^ . f 

1 +« 

into an infinite series by actually dividing the numerator 1 by 
the denominator 1+a, as follows : 

1+a) 1 (1 — a + oa— a* +0* 
1+a 



— a 












— a* 


^aa 












aa 






aa 


+ a» 






t 




m 


-a» 










_>o»- 


— O* 










1 


O* 












a* 


+ a* 




■na I 


as 


&c. 


llnwfl. 


thftt t.l 


lefrai 


^tion . 


1 


-ifl 



Whence it follows, that the fraction —7— is equal to the series, 
1 — a + oa — a*+o* — o* ^-a^.— a^&c. 
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•258. If we make a = 1, we have this remarkable comparison : 

-J— = J = 1 — I + 1 — I + 1 — 1 + 1 _ 1, &c. to infinity. 

Tliis will appear ratlier contradictory; for if we stop at — 1, 
the aeries gives ; and \( we finisli by + 1, it gives 1. But tbis 
is precisely what solves tlie difficulty ; lor since we must go on 
to infinity without stopping eitber at — 1, or at + I. it is evi- 
dent that Tbe sum can neither be nor 1, but that this result 
must lie between these two, and therefore be = j. 

S59. i<et us now make a = ^, and our fi-action will be 

= i, which must therefore express the value of the series 

1+i ' 

1 — ^ + J — * + TT — A + A' *'c. to infinity. 
If we take only the two leading terms of this series, we bare -J* 
which is too small by ^. If we take three terms, we have |> 
which is too much by -j'j. If we take four terms, we have { 
which is too small by ,>^, &c. 

860. Suppose again o = | ; our fraction will be = = J, 

and to this the series 1 — ^ + J — •^^+■s^ — t *t + T3T' *"!* 
continued to infinity, must be equal. Now, by considering only 
two terms, we have |, which is too small by -^^, Three terms 
make ^, which is too much by ^f. Four terms make |^, which 
ia too small by ^^t and so on. 



[ 



les another way j namely, by dividing i by o + l, as follows : 



so 



JtgAra. 



^ a 



rr +«3 



aa 






JL 
a 
\ 
a 



1^ 

aa 



1^ 

aa 
1 

rn + 

a a 



1 



a^^ a^ 






f 



a* 



1 



Consequently^ onr fraction » is equal to the infinite 

series h-;^--z + -7 — .:•• *^c. Let us make a = K 

and we shall have the series 

— 1 + 1 — l+l — 1, &c» = |, as before. 
And if we suppose a = 2$ we shall have the series 

l^_lil...lil 1 Rrr 1 

"i — 7+T TT+'SJ — I-T' ''"^» — IS* 

£6£. In the same manner by resolving the general fractioiiL 

— r-r into an infinite series, we shall have. 

a + 
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.^ , e he hbei b^ c 
a + b) e (- + — r 



(c 




•■WW -i— 




a 




be 


bbe 


a 


aa 




bbc 




aa 


m 


bbc ^ 6' c 
aa a^ 



b^ e 
a' 
b^ c b^c 

b*e 

c 
'Whence it appears^ that we may compare , with the series 

f. — r -, &c. to infimtr. 

a . aa a^ a^ , 

Let a == 2f 6 = 4, c = 3| and we shall have 



a + 6 S + 4 
Let a =: iOy 6=19 and c :?: 11, and we have 

c 11 

^ I ^ = T^JIjri = i = 4t •"• tVV + t^ Jtt — TTmnr» *c. 

If we consider onlj one term of this series, we have |.^, which 
is too much by ^\ ; if i9^e take two terms, we have ^y^, which 
is too small by ^^jg ; if we take three terms, we have 4vH» 
which is too much by i-nVir* ^^* 

26$. When there are more than two terms in the divisor, we 
may also continue the division to infinity in the same manner. 

Thus, if the fraction were proposed, the infinite 

1 —a +aa ^ 

series, to which it is equals would be found as follows : 
EuL Mg. 11 
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1— a+aa) 1 (1 +a — o»— tf* + a« + o^, &c. 

1 —a +aa 



a — aa 


— fl* 


-o« 




— a^ 

— a^ +a* 




— a* 

— a* 








of 




-a^ +o« 




fl7_ 




We have therefore the equation 





1 — a + aa 
Here, if we make 0=1, we have 

1 = 1 + 1 — 1 — 1 + 1 + 1— '1 — 1+1+1, &c. 
which series contains twice the series foand above 

1 ^ 1 + 1 — 1 + 1, &c. 
Now, as we have found this = ^, it is not astonishing that we should 
find ft or 1 , for the value of that which we have just detennined. 
-Make a a -J, and we shall then have the equation 

Suppose a = |, we shall have the equation 

if we take the four leading terms of this series, we have. Y^, 
whidi is only ^J^y, less than ^. 

Suppose again a = |, we shall have 

This series must therefore be equal to the preceding one ; und 
subtracting one from the other, ^ — /y — tt + W "*™5t be cr o. 
These four terms added together make ^-/f 
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264. The methodf which we have explained, serves to resolvef 
generally, all fractions into infinite series ; and, therefore, it is 
often found to be of the greatest utility. Further, it is remark- 
able, that an infinite i&ries, though it never ceases^ may have (i cfe* 
terminate value. It may be added, that from this branch of 
mathematics inventions of the utmost importance have been de- 
rived, on which account the subject deserves to be studied with 
the greatest attention. 



CHAPTER VI. 

Of the Squares of Compound ^antities. 

265. When it is required to find the square of a compound 
quantity, we have only to multiply it by itself, and the product 
ivill be the square required. 

For example, the square of a 4- ft is fpund in the following 
manner : 

u + h 



aa + ab 

ai + bh 

aa + 2ab + bb, 
£66. So that, tvfien the root consists of two terms added together, 
asa + bf the square comprehendSf Istf the square of each term, 
namely, a a and 66; Qdly, twice the product of the two terms, name- 
ly, 2 a 6. So that the sum a a + 2a b'+ bb is the square of a +b. 
liCt, for example, a = 10 and & = 3, that is to say, let it be requir- 
ed to find the square of 13, we shall have 100 -f-60 -(-Qy or 169. 

267. We may easily find, by means of this formula, the 
squares of numbers, however great, if we divide them into two 
parts. To find, for example, the square of 57, we consider that 
this number is = 50 -|- 7 ; whence we conclude that its squai*e is 
= 2500 + 700 + 49 = 3249. 

268. Hence it is evident, that the square o( a + 1 will be 
aa+2a + l: now since the square of a is a a, we find tbe square 
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a + lhy adding to that Qa + 1 ; and it must be observed, tbat 
this 2 a + 1 is the sum of the two roots a and a + 1. 

Thus, as the square of 10 is 100, that of 1 1 will be 100 -{- 21. 
Tlie square of 57 bein.^ 3249, that of 58 is 3249 + 115 = S364, 
The square of 59 = 3364 + 117 = 3481 ; the square of 

60 = 3481 + 119 = 3600, &c. 

269. The square of a compound quantity, as a-f 6, is repre- 
sented in this manner : (a +6)'. We have then 

(a + by =aa + 2ab + bh, 
whence we deduce the following equations : 

(a + l)*=::aa + 2o + l; (a + 2)*=aa+4fl+4; 

(a + 3)* =aa + 6a + 9; (a + 4)» =afl + 8a + 16 ; &c. 

270* If the root is 2i — b, the square of it is ah — 2 a b -f b b, 
which contains also the squares of the two ttrnis^ but in such a 
manner that we must take from tlieirsvm twice the product rf those 
two terms. 

Let, for example, a » 10 and 6= — 1, the squai^e of 9 wHI be 
found = 1 00 — 20 + 1 = « 1. 

271« Since we have the equation ( a — b)^= aa — 2a& + 669 we 
shall have (a — l)«=aa — 2a-fl* Thesqiuireofn — I is found, 
therefore, by subtracting from hsl the sum of the two roots a and 
a — 1, namely9Qa. — 1. Let, for example, a = 50, v^e have 
aa = 2500, anda— 1 =49: then 49* =2500 — 99 = 2401. 

272. What we have said may be also confirmed and illustrated 
by fractions. For If we take as the root | + } (which make 1} 
the squares will be : 

sj + ST "t" ^7 ^^ 37> that IS If 
Further, the square ot | — ^ (or of |) will be 

1 1 I 1 _ 1 

273« When the root consists of a greater number of (ermS|» 
the method of determining the square is tlie same. Let us find^ 
for example, the sqwire qfo, 4. b + c. 
a + b + c 
a + b + c 



aa + ab + ac +bc 

ab + ac + bb + bc+cc 



aa+^ab + 2ac + bb + '2bc + cc. 
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We see (bat it indudiSf Jir$U the square of each term of the root, 

and beside that, the double products of those terms multiplied two by 
two. 

Q74. To illustrate this by an example, let as divide the num- 
ber 256 into three parts* 200 + 50 + 6 ; its square will then be 
composed of the following parts : 

40000 256 

2500 256 

36 

20000 15$6 

2400 1280 

600 512 



65536 65536 

which is evidently equal to the product of 256 x 256, 

275. When some terms of the root are negative, the square is 
still found by the same nUe ; but we must take care what signs we 
prefix to the doub!'* vroducts. Thus, the square at a-^b^-^cbe* 
ing aa + bb + oc — 2^6 — ^ac + ^bc, if we represent the 
number 2 j6 by 300 — 40 — 4, we shall have, 

Positive Parts. Negative Parts. 

> -V ' 

— 24000 

— 2400 



V 
+ 90000 

1600 

320 

16 


+ 91936 
— 26400 



— 26400 



65536, the square of 256, as before* 



/" 
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CHAPTER VIL 

Of iht Extraction of Roots applied to Compound Quantities, 

276* In order to give a certain ride for this operation» we 
must consider attentively the square of the root a + bf which is 
aa + 2ab + bh, that we may reciprocally find the root of a 
given square. 

0,77. We must consider therefore, first, that as the square 
aa + ^ab+bb\B composed of several terms, it is certain that the 
root also will comprise more than one term | and that if we 
write the square, in such a manner that the powers of one of the 
letters, as a, may go on continually diminishing, the first term 
will be the square of the first term of the root. And since, in 
the present case, the first term of the square is a a, it is certain 
that the first term of the root is a. 

278. Having, therefore, found the first term of the root^ that 
is to say a, we must consider the rest of the square, namely, 
2 a 5 + 5 &, to see if we can derive from it the second part of the 
root, which is 6. Now this remainder Zab-o^bb may be repre* 
sented by the product, (2 a + 6) 6. Wherefore the remainder 
having two factors, 2 a + 6 and 6, it is evident that we shall find 
the latter, 6, which is the second part of tlie root, by dividing 
the remainder 2fl6 + 66by2a + 6. 

279. So that the quotient, arising from the division of the 
above remainder by 2 a + 6, is the second term of the root re- 
quired. Now, in this division we observe, that 2 a is the double 
of the first term a, which is already determined. So that 
although the second term is yet unknown, and it is necessary, 
for the present, to leave its place empty, we may nevertheless 
attempt the division, since in it we attend only to the first term 
£a. But as soon as the quotient is found, which is here 6, we 
must put it in the empty place, and thus render the division 
complete. 

280. The calculation, therefore, by which we find the root of 
the square aa + 2a6 + 66, may be represented thus : 



Ji 



aa 



&ab+bb 



0. 
S81. We may, in the same manner^ find the square root of 
other compound quantities, provided they are squares^ as the 
following examples wiH shew. * 

aa + 6ab + 9bb(a + Sb 

aa 



2a + S()6at+9&& 
6a& + 9(& 






0. 



4 a a — > 4 a ft + ( ( (2 a -^ ft 
4aa 



4a— ft) — 4aft + ftft 
— 4aft4-ftft 



0. 



9pp + 24pq + 16qq(Sp+4q 
9pp 



tp+4q)Q4pq+16qq 
^pq + l6qq 



0. 



25 XX — 60 a: +36 (5 a; —-6 



\ 
25 XX \ 



10 X ^S) — 60 X + S6 
— 60 a: + 36 

0. 



\ 
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£82. When there is a remainder after the diWsion, it is a 
proof that the root is composed of more tlian two terms. We 
then consider the two terms already found as forming the first 
party and endeavour to derive the other from the remainder, in 
the same manner as we found the second term of the'root. The 
following examples will render this operation more clear. 

aa + 2ab^^2ac — Zhc + bb + cc(a + b — e 
aa 



fio + 6) Qab — 2oc — ^bc-^-bb + cG 
Qab ' +bb 

2a + 2b — c) — 2ac^^Qbc + cc 

.^Qac — Zbc + cc 



0. 






• 


2a* + daa 
2a'+ a a 




£aa-f £a 


+ l)2aa + 2,a 
2aa+2a 


+ 1 
+ 1 



0. 



ii4_4flS j^8a6» +46* (aa— 2aft— .2*6 
a* 



^aa — 2a6) — 4 a* 6 + 8 a 6^ +4 6* 
— 4a* 6+4aa66 



9,aa — 4a6 — 266) — 4aa66 + 8a6* +4 6* 

— 4aa66 + 8a6*+4 6* 



0. 
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a«»-.6a'ft+15a^ft6~20a9i* + 15aa6*— 6o6»+6« 
o« (o*— 3oaft + 3a66 — 1^ 

fias_3aa&) — 6 a' ( + 15 a^ 6 6 

~6o«6+ 9'a*6 6 



I 



2a3— 6oa6 + 3a6»)6o*»6 — 20a«6«+15oa6* 

6a*bb — Ua^b^ + 9aab^ 



2a^—eaab + 6abb — 6^) — 2a»i» + 6aa**— J5a4' +6« 

— 2a«6s +6ao6* — 6a6'+6«, 

0. 
283, We easily deduce from the rule which we have explain- 
ed, the method which is taught in books of arithmetic for th« 
extraction of the square root. Some examples in numbers : 

• • • • • • 



529 (23 
4 






1764 
16 


(42 2304 (48 

16 


43) 129 
129 




82) 


164 
164 


88) 704 
704 


0. 






0. 


0. 


4096 
36 


(64 






• • 

9604 (98 
81 

r 


124) 496 
496 


■• 






188) 1504 
1504 


0. 








0. 


15625 
1 


(125 






• • • 

998001 (999 
81 


22) 56 
44 


189) 1880 
1701 


245) 1225 
1225 


1989) 17901 
17901 


0» 


0. 


JBuLMg. 


■ 


12 




• 
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284. But when there is a remainder after the whole operation, 
it is a proof that the number propoKed is not a square, and con- 
sequently that its root cannot be assigned. In such cases, the 
radical si.s^n, which we before empluyed, is made use of. It k 
written before the quantity, and the quantity itself is placed 
between parentheses, or under a line. Thus, the square root of 
a a + 5 ft is represented by vCatf+6 6),or by \^a a-^h h ; and v(i— j^*), 
or VI — XX, expresses the square root of 1 — xx. Instead of 
thin radical sign, we may use the fractional exponent ^, and 

represent the square root oiaa+hh, for instance, by (a a -f 6 ft)^, 

or by aa-^hb^ ^. 



CHAPTER VIII. 

Of the calculation of Irratioiud Quantities. 

285. When it is required to add together two or more irra- 
tional quantities, this is done, according to the method before 
laid down, hy writing all the terms in succession, each with its 
proper sign. And with regard to abbreviation, wo must remark 
that instead of ^a" + \/»r fi^r example, we write 2^*1 and that 
Va" — v^^ = 0> because these two terms destroy one another. 
Thus, the quantities S + ^Y and I +^2^ added together, make 
4 + 2 x/T or 4 + vh"; the sum of 5 + v^3"and 4 — ^3" is 9 ; 
and that of 2 x/T + 3 v/27 and vJ — \/2 is 3 x^Y + 2 \/2l 

286. Subtraction also is very easy, since we have only to add 
the proposed numbers, changing first their signs : the following 
example will shew this : let us subtract the lower number from 
the upper. 

4 — V2"+2v/r — 3v/J" + 4V6' 
1 + 2 V2" — 2 v/iT — 5 vr + 6 V6" 

3 — 3 vF + 4 v/r + 2 s/T—^x/r 

287. In multiplication we must recollect that vr miiZHpited 
by Va produces a 5 and that if the numbers which foUmo the sign 

• V are different, as a and b, we have Vab for the product of x/sT 
multiplied by x/h. After this it will be easy to perform the fol- 
lowing examples .* , 



« 

f 
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I+V2" 4 + 2V2" 

1 + \/¥ 2 — V2" 



1+V2/ 8+4^/2 

+VF+2 _4vr— 4 



1 +2V2" + 2 = 3+2V2" 8—4=4 

£88. What we have said applies also to imaginary quantities ; 
we shall only observe further, that vHT mvUiplied by v^^^ Pro- 
duces — a. 

If it were required to find the cube of — 1 + \/^^ w® 
should take the square of that number, and then multiply that 
square by the same number : see the operation : 

— i+v^izT 



1— V^^^ 

— 1+ x/ZT 



2+2V— 3 

2 + 6 = 8. 

289. In the division of surds, we have ordy to express the pro- 
posed quantities in the form of a fraction ; this may be then cluing- 
ed into another expression having a rational denominator. For if 
the denominator be a + \/b^ for example, and we multiply both 
it and the numerator by a — v^ the new denominator will be 
a a — - 6, in which there is no radical sign. Let it be proposed 

to divide 3 +2 vr by 1 + ^2"; we shall first have i±l^. 

Multiplying now the two terms of the fraction by 1 — vsT we 
shall have for the numerator : 



95 



JugnfOm 



Septs. 



3 + 2vF 

1 — V2" 




• * ' 

3 +2V2 

— Sx/T 


~4 


3— V2" 

and for the denominator : 

1+V2" 
1 — ^/2 


— 4 


1+V2" 
— V2 - 


-2 



— 4=--vt — 1; 



l_2=s— .1 

Our new fraction therefore is — ^— ; and if we again 

multiply the two terms by — 1, we shall have for the numerator 
v^F + h And for the denominator + 1. Now it is easy to shew 

that vF + 1 is equal to the proposed fraction -— — y=, j for 

VF + 1 being multiplied by the divisor 1 + v^ ^^^^f 

1 + V2 



1 + V2 



wc have 1+2^2 +2=3 + 2 vST 
Another example : 8 — 5 ^2" divided by 3 — » 2 vF makes 

~ — « Multiplying the two terms of this fraction by 

3 + 2 \/2', we have for the numerator^ 

8 — 5 V2" 
3+2 vF 

24— .15\/F 

+ 16 VF — 20 



24 + V2 — 20 = 4+vF; 

and for the denominator^ 



I 
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3 — 2V2" 
3 + 2 VF 



• • 



9 — 6V2 
+ 6vF — 8 

9 — 8 = + l. 
Consequently the quotient will be 4 + VsT The truth of this 
may be proved in the following manner : 

4 + V2" 

3 — 2^2" 



12+3VF 
— SV2"— 4 



12— 5\/2 — 4 = 8 — 5 v^2" 
290. In the same manner, we may transform such fractions 
into others, that have rational denominators. If we have, for 

example, the fraction - — - — -=•, and multiply its numerator and 

denominator by 5 + 2 y/el we transform it into this 

=5+2 V6. 

2 

In lilce manner, the fraction — — - — := assumes this form, 

— 1 + \/— 3 

2 +-2 v^Z Ta" 1 + y/—^ 

■ — — — ^ ' '■ ■ • 

—.4 —2 

And ^L±^ becomes = ii±lv^ = 11 + 2 ^30.. 

219 1. When tht denominator contains several terms f we may in 
the same manner make the radical signs in it vanish one by one. 

Let the fraction --= j=z ^ be proposed ; we first mul- 

tiply these terms by vio + \/2" + V37 and obtain tho fraction 

^^ ^ >— -* Then multiplying its numerator and dcnom- 

inator by 5 + 2 ^/T, we have 5 yTo + 11 V^" + 9 vs" + 2 ygo. 
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CHAPTER IX. 

* Of CubeSf and the Extraction of Ctibe Roots. 

292. To find the cube oj a root a + b. we only multiply its 
square aa + ^ab + h b again by a + b, thus^ 

aa + 2ab + ib 
a + b 



a^ +2aab + abb 

aab + 2abb + b^ 



and the cube will be :=a^ +Saab + S abb + b^» 

It contaijiSf therefore, the cubes of the two parts of the root, and 
beside that, Saab+SabbtSL quantity equal to (3 a 6) x (a + 6) ; 
that is« the triple product rf the two parts, a and h, mvltiplied by 
their stim. 

293. So that whenever a root is composed of two terms, it is 
ea»y to find its cube by this rule. For example, the number 
5 = 3-1-2; its cube is therefore 27 + S + 1S x 5 = 125. 

Let 7 -f 3 = 10 be the root ; the cube will be 

343 -f- 27 -f 63 X 10 = 1000. 
To find the cube of 36, let us suppose the root 36 = 30 + 6, 
and we have for the power required, ' 

27000 -f 2 16 -f- 540 X 36 = 46656. 

294. But if, on tlie other hand, the cube be given, namely, 
a^ + 3aab + Sabb + h^, and it be required to find its root, we 
must premise the following remarks: 

First, when the cube is arranged according to the powers of 
one letter, we easily know by the first term a', the first term a 
of the root, since the cube of it is a* ; if, therefore, we subtract 
that cube from the cube proposed, we obtain the remainder, 
Saab + Sabb +b^, which must furnish the second term of the 
root. 

295. But as we already know that the second term is 4. b, 
we have principally to discover how it may be derived from the 
above remainder. Now that remainder may be expressed by 
two factors, as (3 a a -f- 3 a 6 + 6 6) x (6) ; ifj therefore, we divide 
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by Saa + ^ah + hhf we obtain the second part of the root +b, 
^hich is required. 

£96. But as this second term is supposed to be unknown, the 
divisor also is unknown ; nevertheless we have the first term of 
that divisor, which is sufficient ; Tor it is S a a, that is, thi*ice the 
square of the first term already found ; and by means of this, it 
is not difficult to find also the other part,fr, and the!\ to complete 
the divisor before we perform the division. For this purpose^ 
it will be necessary to join to 3 a a thrice the product of the two 
terms, or S a 6, and h 6, or the square of the second term of the root. 

S97. Let us apply what we have sai|} to two examples of other 

given cubes. 

I. a^ + 12 ao + 48 a + 64 (a + 4 

a* 



3 a a + 12 a + 16) 12 a a + 48 a + 64 

12aa+48a + 64 



0. 



II. 



3a* — 



a«_6fl»+ 15 a*— 20a» + 15 a« 
a« {a a 

6a» +4aa) —6a* + 15a* — 30a» 

— 6a« + 12a*— 8a» 



6a +1 
2a + 1 



3a*— 12a« + t2aa+Sa«— 6a + l)3a*— 12a« + 15aa — 6a + l 

3o*— 12a» + 15aa— 6a + 1 



0. 



298. The analysis which we hare given is the foundation of 
the common rule for the extraction of the cube root in numbers. 
An example of the operation in the number 219r : 



2197 (10 + 3 = 13 
1000 



300 

90 

9 



399 



1197 



1197 



0. 
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Let as also extract the cabe root of 3496578S : 



»CCI* Za 



34965783 (300 +20 + 7 
270001)00 



270000 

18000 

400 


7965788 


288400 


5768000 


307200 

6720 

49 


2197783 


313969 


2197783 



0. 



CHAPTER X. 

Of the higher Powers of (impound ^wintiHes. 

299. Afteb squares and cubes come higher powers^ or 
powers of greater number of degrees. They are represented ^ 
bjr exponents in the manner which we before explained : we 
have only to remember, when the root is compound, to inclose 
it in a parenthesis. Thus (a + by means that a + ( is raised 
to the fifth degree, and (a — 6)* repi*esents the sixth power of 
4i.^b. We shall in this chapt^ explain the nature of these 
powers. 

300. Let a + & be the root, or the first power, and the higher 
poweni will be found by multiplication in the following manner t 
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(o + 6)« 5=0 + 6 
a +b 





a' +ttb 
+ ab + bb 

Btt* + aab + bb 
a +b 

a^ + 9Mab + abb 

+ aab + Zabb + b^ 

= a3 + Saafr + Sa6& + b^ 
a +b 




a* + 3a'6 + 3aa66 + a6» 

+ an + Saahb + Sab^ + b^ 


(«+ *)!= 


= a* + 40^6 + 6aa66 + 4a6» + 6* 
a +b 






ia+hy : 


= fl* + 5a*6 + 10a366 + I0aa6» + 5a6* + 6^ 
a +6 




a« + 5a«6 + I0a*66 + 10a»6» + 5aii6* + aft* 

+ a«6 + 5a*66 + lOa^fts + lOnaA* + Sab^^ + 6« 



(a+6)« «« o» + 6fl*6 + 15a466 + 20a^63 + I5fla6* + 6aft« + 6« 

301. The powers of the root a — b are found in the same 
manner, and we shall immediatclj perceive that they do not 
differ from the preceding, excepting that the 2d, 4th, Gtb^ &c. 
terms are affected by the sign minus $ 

Evl. Mg. 13 
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(a— 6)^=a— 6 
a — b 

aa — b 
— db+bb 



(a—by=:a*—9Mb + bb 
a — b 



a* — ^2aab + abb 

— aab + Qabb — b^ 

(a —6)3= o^ — Saao + 3aM ~ 6^ 
a — 6 



a* — Sa«6 + Sanbb-^ab^ 

— a^b + 3aabb — Sab^ +b* 



(a—by=a* — 4a^b + 6aabb — 4ab^ +b^ 
a — b 

af — 4a^b + ea^to — 4aab^ + aft* 

— a*b + 4a^bb — 6aab^ +4ab* — 6* 

^fl_J)«=:a« —5a*b + 10a^bb— lOaab^ 4.506* — 6« 
a —6 

fl« — 5rt«6-f I0tt*66— lOa^b^ + 5aab*—ab' 

— a'b+ 5a*66 — 100^63 + 10aa6* — 5a6* +6* 



(a— 6)«= a« — 6a*6 + 15a*66 — 20a*6* + l5ao6* — 6«6« +6». 

Here we see that all the odd powers of 6 have the sign — «, 
while the even powers retain the sign +• The reason of this is 
evident ; for since — 6 is a term of the root, the powers of that 
letter will ascend in the following series, *— 6, + 66, — 6*, + 6*, 
.— . 6*, -f a*. &c. which clearly shews that the even powers must 
be affected by the sign +f ^"d the odd ones by the contrary 
sign — • 
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S02. An important question occurs in tliis place ; namely, how 
we may find, without being obliged always to perform the same 
calculation, all the powers either of a + 6, or a -— 6. 

We must remark, in the first place, that if we can assign all 
the powers of a + 6, those of a — b are also found, since we 
have only to change the signs of the even terms, that i^ to say, 
of the second, the fourth, the sixth, &c. The business then is 
to establish a rule, by which any power of a + h^ however his;h, 
may be determined wUhout the necessity of calctUating all the pre* 
ceding ones, 

303. Now, if from the powers which we have already deter- 
mined we take away the numbers thaf precede each term« which 
are called the coeffidentSf we observe in all the terms a singular 
order ; Jirst, we see the first ^m k of the root raised to the power 
which is req^dred ; in the following terms tlie powers of a diminish 
continaUy by unity^ and the powers of b increase in the same 
proportion ; so that the sum of the eccponents of a and of b is 
always the sanUf and always equal to tlie exponent of the power 
required ; and^ lastly 9 we find the term b by itself raised to the 
same power. If, therefore, the tenth power of a + 6 were 
required, we are certain that the terms, without their coefficients 
would succeed each other in the following order ; a^ ^, a*6, a^6>, 
a^ftS a«6*, a«6*, a*6S «*&% aH^^ab^. ft*®. 

304. It remains, therefore, to shew how we are to determine 
the coefficients which belong to those terms, or the numbers by 
which they are to be multiplied. Now, with respect to the first 
temif its coefficient is always unity ; and with regard to the 
secondf its coefficient is constantly the exponent of the power ; but 
with regard to the other terms, it is not so easy to observe any 
order in their coefficients. However, if we continue those coeffi« 
dents, we shall not fail to discover a law, by which we may 
advance as far as we please. This the following table will shew. 






*- ■ 



100 Mgebra. Secb.8. 

Fowerd. Coefficients. 
L 1, 1 

IL 1, 2, 1 

III. l,S,Sfl 

IV. 1, 4, 6, 4, 1 
V. 1,5,10,10,5,1 

VI. 1, 6, 15, 20, 15, 6, 1 

VII. 1, r, 21, S5, 35, 21, 7, 1 

VIII. 1, 8, 28, 56, 70, 56, 28, 8, 1 

IX. 1, 9, 36, 84, 126, 126, 84, 36, 9, 1 

X. 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1, &C. 

We see then, that the tenth power of o + ft'vill be a** + 
10an+45aHb + I20a^6« + 210a«6* + 252a' 6* +210a*6» + 
120a«6^ +45aa6« +10ab^ +b^^. f 

305. M'tth regard to the coefficients, it must be observed, that fir 
each power their sum must be equal to the number 2 raised to the 
same power. Let a=l and 6^: 1, each term, without the 
coefficients, will be = 1 ; consequently, the value of the power* 
will be simply the sum of the coefficients ; this sum, in the pre« 
ceding example, is 1024, and accordingly 

(1 + l)i« = 2^^ = 1024. 
It is the same with respect to other powers ; we have for the 
I. 1 +1=2 = 2S 
II. 1+2 + 1=4 = 2*, 

III. 1+3+3 + 1 = 8 = 2', 

IV. 1+4 + 6+4 + 1=16 = 2*, 

V. 1+5 + 10+10 + 5 + 1=32 = 2^ 
VI. 1+6 + 15 + 20 + 15+6 + 1=64 = 2* 
VII. 1 + 7 + 21 + 35 + 35 + 21 + 7 + 1 = 128 = 2^ &c. 

306. Another necessary remark, with regard to the coeffi- 
cients, is, that they increase from the beginning to the middle, 
and then decrease in the same order. In the even powers, the 
greatest coefficient is exactly in the middle ; but in the odd 
powers, two coefficients, equal and greater than the others, are 
found in the middle, belonging to the mean terms. 

The order of the coefficients deserves particular attention ; 
for it is in this order that we discover the means of determining 
them for any power whatever, without calculating all the pre- 
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ceding powers. We shall explain this method^ reserving the 
demonstration however for the next chapter. 

307. In order to find the eo^Hdents of any power propoied, the 
seroentiif for example, let us write the following fracAonSf one after 
the other ; 

7 6 f 4 3 a. 1 
T» "3f» 7» V T» T> T» 

ill this arrangement we perceive that the numerators begin tnf the 
exponent of the power reqvivedf and that they diminish successtody 
by unity ; while the denominators foUow in the natural order of the 
numbers, 1, 9., 3^ 4^ ^c. J^ow, the first coefficient being always U 
the first fraction gives the second coefficient. The product of the 
two first fradions, mvlUplied together, represents the tAird coefficient. 
The product of the three first fractions represents tlie fourth coeffi- 
dent, and so on* 

So that the first coefficient = 1 ; the second = ^ = 7 ; the 
third = ^ X I = 21 5 the fourth =4 x | X 4= .''Si the fiflk 
=4 X f X 4 X i = 35 ; the sixth =4.x|x4XiX| = Sl; 
the seventh =21x1=7'; the eighth = 7 x | = 1« 

SOS. So that we have, for the second power, the two fractions 
f, 4 j whence it follows, that the first coefficient = 1 ; the second 
sf^d; and the third =:£X 4 = 1. 

The third power furnishes th6 fractions 4' l» 4 9 therefore 
the first coefficient = 1 ; the second s= 4 = 3 ; the third 
= 3x4=3; the fourth = 4 x | X 4 = 1. 

"We have for the fourth power, the fractions 4, 4> 4» i 9 c^^* 
sequently the first coefficient = 1 1 the second 4 = ^9 the third 
f X 4 = 6 ; the fourth 4x4x4=4,- and the fifth 4 X 4 X | 

xi = i. 

509. This rule evidently renders it unnecessary for us to find 
the preceding coefficients, and enables us to discover imme- 
diately the coefficients which belong to any power. Thus, for 
the tenth power, we write the fractions y , », 4, J, 4, 4, 4* i$ 4f 
^^, by means of which we find 

the first coefficient = 1, 

the second = Y = 10, 

the third =10 x 4 =45, 

the fourth = 45 X | = 120^ 

the fifth =120X^=210, 
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the sixth = 21 x | = 252, 

the seventh = 252 x f = 210, 

the eighth =z 210 x ^ =:: 120, 

the ninth =120x1 = 45, 

the tenth ^ = 45 x | = 10, 

the eleventh = 10 XtV= ^* 

310. We maj also write these fractions as they are, without 
eompnting their valne ; and in this way it is easy to express 
any power of a -f 6, however high. Thus, the hundredth power 

100 V QQ 

of a + 6 will be (a + by'> =ai«o + ioo x o»»6+ ^ ^^ 

!Ha^s6» + ^^QX ^9X98 100X99X98X97 

^ ^ 1X2 >^3 ^ 1X2X3X4 ^ 

&c.. whence the law of the succeeding terms may be easily 
deduced. 



CHAPTER XI. 

Of the Transposition of the Letters^ on which the demonstration cf 

the preceding rule is founded. 

311. If we trace back the origin of the coefficients which we 
have been considering, we shall find, that each term is presented, 
as many times as it is possible to transpose the letters, of which 
that term consists ; or, to express the same thing differentlyi 
the coefficient of each term is equal jtp the number of transposi- 
tions that the letters admit, of which that term is composed. In 
the second power, for example, the term a 6 is taken twice, fliat 
is to say, its coefficient is 2 ; and in fact we may change the 
order of the letters which compose that term twice, sirice we 
may write a b and ba; the term a a, on the contrary, is foond 
only once, because the order of the letters can undergo no 
change, or transposition. In the third power of a -f 6, the 
term a a6 may be written in three different ways, a a 6, a 6 a, 
haa ; thus the coefficient is 3. Likewise, in the fourth power, the 
term a^ 6 or a a a 6, admits of four different arrangements, aaatf 
aabUf abaUf baa a; therefore its coefficient is 4. The term 
a abb admits of six transpositions, aabbf abba, baba, abab^ 
Ibaa, baabf and its coefficient is 6. It is the same in all 
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312. In factf if weconsider that the fourth power^ for example, 
of any root consisting of more than two terms, as (a -f 6 + c + d^f 
is found by multiplying the four factors, I. a + fr«fc-fif; 
U. a + b + c + d; IIL a + 6 + c + d; IV. a + b-f c + d ; we 
me may easily see, that each letter of the first factor most be 
multiplied by each letter of the second, then by each letter of 
the third, and, lastly, by each letter of the fourth. 

Each term must therefore not only be composed of four letters, 
but also present itself, or enter into the sum, as many times as 
those letters can be differently arranged with respect to each 
other, whence arises its coefficient. 

313. It is therefore of great importance to know, in how 
many different ways a given number of letters may be arranged* 
Atid, in this inquiry, we must particularly consider, whether 
the letters in question are the same, or different. When they 
are the same, there can be no transposition of them, and for this 
reason the simple powers, as a^,a^,a^, &c., have all unity for 
the coefficient 

314. Let us first suppose all the letters different ; and begin- 
kig with the simplest case of two letters, or a (, we immedi* 
ately discover that two transpositions may take place, namely, 
a b and b a. 

If we have three letters n 6 c, to consider, we observe that 
each of the three may take the first place, while the two others 
will admit of two transpositions. For if a is the first letter, we 
have two arrangements, abCfOcb; if 6 is in the first place, we 
have the arrangements bac,bca; lastly, if c occupies the first 
place, we have also two arrangements, namely, cab^ cba» And 
consequentty the whole number of arrangements is 3 >^ 2 = 6. 

If there are four letters, abcdf each may occupy the first places 
and in each case the three others may form six different ar- 
rangements, as we have just seen. The whole number of 
transpositions is therefore 4x6=? 24 = 4x3x3X1. 

If there fire five letters, abcde^ each of the five must be the 
first, and the four others will admit of twenty-four transpo- 
sinons ; so that the whole number of transpositions will be 

5Xft4= 120 = 5X4X3X2X1. 

315. Consequently, however great the number of letters may 
be^ it is evident, provided they are all different, ihat we may 
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easily determine tbe number of transpositions^ and that we may 

.mai^e ose of the following table : 

Number of Letters. Number of Transpositions. 

V ^^ / V ^ : 1 

I. 1 = 1. 

II. £Xl=2. 

III. 3X2X1 = 6. 

IV. 4 X S X 2 X 1 = 34. 
V. 5X4X3X2X1 = ISO, 

VI. 6X5X4X3X2X1 = 720. 

VII. 7X6X5X4X3X2X1 = 5040. 

VIII. 8X7X6X5X4X3X2X1= 40320* 

IX. 9X8X7X6X5X4X3X2X1 = 362880. 
X. 10X9X8X7X6X5X4X3X2X1=^ 3628800. 

316. But) as we have intimated, the numbers in this table 
can be made use of only wlien all the letters are different ; for 
if two or more of them are alike, the number of transpositions 
becomes much less ; and if all the letters are the samet we have 
only one arrangement. We shall now see how the numbers in 
the table are to be diminished, according to the number of letters 
that are alike. 

317. When two letters are given, and those letters are the 
same, the two arrangements are reduced to one, and conse- 
quently the number, which we have found above, is reduced to 
the half ; that is to say, it must be divided by 2. If we have 
thi'ee letters alike, the six transpositions are reduced to one ; 
whence it follows that the numbers in tbe table must be divided 
by 6 = 3x2x1* And for the same reason, if four letters are 
alike, we must divide the numbers found by 24 or 4 x 3 x 2 x 1» 
&c. 

It is easy therefore to determine how many transpositions the 
letters a a a b 6 c, for example, may undergo. They are in number 
6, and consequently, if they were all different, they woold 
admit of 6x5x4x3x2x1 transpositions. But since a is 
found thrice in those letters, we must divide that number of 
transpositions by 3 x 2 x 1 ; and since b occurs twice, we most 
again divide it by 2 x 1 ; the number of transpositions required 
•iwu i. u 6x5x4x3x2x1 ^ ^ « ^^ 

will therefore be = -^_^_^_^__= 5 x 4 x 3 = 60. 
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S18« It will now be easy for us to determine the coefficietits 
of all ttie termB of any power. We sliall give an example of the 
seventh power (a + by. 

The ^first terra is a^, which occurs only once ; and as all tlie 
other terms have each seven letters, it follows that the number of 
transpositions for each term would be 7x6x5x4x3x2x19 
if all the letters we|*e difierent. But since in the second 
term^a^fr, we find six letters alike, we must di\ide the above 
product by6x5x4x3x2Xl9 whence it follows that the 
^^«- *• 7x6x5x4x3x2x1 » 

coefficient is = — ^ : — -— = Z. 

6X5X4X3X^X1 * 

-In the third term a' 6 b, we find the same letter a five times, 
and the same letter 6 twice ; we must therefore divide that 
number first by 5x4x3x2x19 and then also by 2 x 1 ; 
whence results the coefficient ^ X ^ x^ x^ x3 x 2x 1 ^ TxJ 

5X4 XiX2x 1 XiiX I 2x1 

The fourth term a^ b^ contains the letter a four times, and the 
letter b thrice ; consequently, the whole number of the transpo- 
sitions of the seven letters must be divided, in the first place, 
by 4 X 3 X 2 X I9 and secondly, by 3x2x1, and the coefii- 

. .. 7X6X5X4X3X2X1 7x6x5 

cient becomes = - — - — — ; = . 

4X3X2X1X3X2X1 1X2x3 

7x6x5x4 

In the same manner, we find - — — - -r — r for the coefficient 

1 2x3x4 

of the fifth term, and so of the Vx^at ; by which the rule before 

given is demonstrated. 

319* T-bese considerations carry us further, and shew us also, 
how to find all the powers of roots composed of more than two 
terms. We shall apply them to the third power o( a + b +c; 
the terms of which must be formed by all the possible combina- 
tions of three letters, each term having for its coefficient the 
niunber of its transpositions, as above. 

Without performing the multiplication, the third power of 
(a + b + c) will bca'+3aa&-f-3aac-f3ab&-f.6/i6c + 3acc 
+ b^ + Sbbc + Sbcc + c^. 

Suppose a= 1, b= 1, c= 1, the cube of 1 -f- 1 + 1, or of 3, 
will be 1+3+3 + 3 + 6 + 3 + 1 + 3 + 3 + 1= 27. 

This result is accurate, and confirms the rule. 

Eul. Mg. 14 ^ 
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If we had su|^posed a = 1, ft= 1, and c = — !» we shoolA 
have found for the cube of 1 + 1 •— t, that Is^ of 1, 

l+3_S + 3 — 6 + 3 + 1 — 3 + 3—1 = 1. 



CHAPTER Xir. 

Of the expression of Irrational Powers by Infinite Series* 

3£0. As we have shewn the method of finding any power of 
the root a + &^ however great the exponent, we are able to 
e3(press« generally, the power of a + 6, whose exponent is unde- 
termined. It is evident that if we represent that exponent by 
iif we shall have by the rule already given (art. 307 and the fol- 
lowing) : 

(a + 6)« = a"+--a«-^5+--x — — -o"-*6* +"T^— 3— ^ 

n — 2 „ ,.- n n — 1 n — 2 n — 3 «.^.^o 
_- a»-3/^3 + ^ X __ ^ __ X -^- a"-''6* &c. 

321. If the same power of the root a< — b were required^ wo 
should only chaiige the signs of the second, fourth, sixths &:c. 

terms, and should have (a — 6)'* = a" — — a """* ft + — x — r — 

1 1 So 

«-2X« " ^ — ^ ^ — ® n-.3i.ij . n n— 1^ n — 2 ^ 
fl«-2j» _.>^__^__.a"-»ft» +-X— g— X -y- X 

"7 fl"~^ft*, &c, 

4 

322. These formulas are remarkably useful ; for they serve 
also to express all kinds of radicals. We have shewn that all 
irrational quantities may assume the form of powers, whose 

2 1 3 1 

exponents are fractional, and that y/a =a^; %/a =a'^f and 

4 1 

-y a = fl^, &c. Wc have therefore, also, 

2 1 5 1 

V (.a + b) = (a + by; s/ (a+ 6) = (a + ft)^ 

4 1 

and V (a + 6) = (^ + ^y^9 &c. 
Wherefore, if we wish to find the square root of a + ft^ we 
have only to substitute for the exponent n the fraction |f in the 
general formula, [art. 320,] and we shall have firsts for the 
coefficients^ • ^ 
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;• Then, o" = a* s= \/a and a*"* = — = ; 



1 I " 

un-a -» — _ . iin-3 ^ _ fgjf. Qj. ^g might express thow 

powers of a in f the toUowing manner; a*=ix^a ; a"~^ = — = 

^^^"^ ""a»-^''* -a»-^r^« -^-irr'*^- 

9S3, This being laid down, the square root o( a+b, may bei 
expressed in the following manner ; 

V (« + 6) = 

324. If 09 therefore^ be a square number, we may assign the 
value of v'oT and, consequently, the square root of a + 6 may be 
-expressed by an infinite series, \« ithout any radical sign. 

Let, for example, a:=iCCf we shall have \/7r = c ; then 
1 b Ibb I 6> 5 b* , 

We see, therefor^, that there is no number, whose square 
root we may not extract in the same way ; since every number 
may be resolved into two parts, one of which is a square repre- 
sented by cc. If we require, for example, the square root of 6, 
we make 6 = 4 + 2, consequently c c = 4, c = 2, 6=2, whence 

results V6" = 2 + ^ — tV + tV — T A*' *c- 

If we take only the two leading terms of this series, we shall 
have 2| = |, the sc^uare of which, y, is ^ greater than 6 ; but 
if we consider three terms, we have 2-/^ = 4t9 the square of 

. which, VtV' ^^ ^^^'^ tVt ^^ small. 

325. Since, in this example, | approaches very nearly to the 
true value of v^eT ^^ shall take for 6 the equivalent quantity 
y — J. Thus cc=y5 c = f; 6 = — ^; and calculating only 

tte two leading termSf we find \/6 =f + ix-7~ = f — Ix-j 
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= I — « ^V = 77 ' ^^^ square of this fraction, being '^Yt * ^^ceedB 
the square of ve'only by -j^j^. 

Now, making 6 = %\V — tvt» so that c = * » and 6 = — ^j 
and stilltaking only the two leading terms, we have 

VO — TIT T" ¥ ^ IsT — 17 ¥ -^ To" — ITT TTTV — TTT7» 

the square of which is y^YTrtrv * ^^^ ^» wben reduced to the 
saine denominator, is = VrAVi??? 5 ^'^^ error therefore is only 

•J7TTTT77* 

■ 

326. Ill the same manner, we may express the cube root of 

3 I 

a + b by an infinite series. For since \/ (« + &) = (^ + *)'f 
we shall have in the general formula n = -I, and for the coeffi- 

. n 1 n — 1 1 n— .2 5 n — 3 2 

ciente. - = -,.-^ = -_; -3- = — 9? -5- = --; 

■ "7 = — T-f &c.) and with regard to the powers of a, we shall 

3 3 3 

liavea« = v^a'»-i==^;a~-«=:i:^50«-^==^,&c.,* then 

3 

327. If a therefore be a cube, or a = c' j we have ^a = c, and 
the radical signs will vanish \ for we shall have 

'-r:; r> 1 * 1 ft& 5 6» 10 M „ 

V(c3+6) = c+-X--^X^ + 3^Xj3-543-X^&C. 

328. We have, therefore, arrived at a formula, which will 
enable us to find by approximatioTif as it is called, the cube root 
of any number ; since every number may be resolved into two 
parts, as c^ +^9 the first of which is a cube. 

If we wisli, for example, to determine the cube root of S, we 
represent 2 by 1 + 1, so tliat c = 1 and 6 = 1, consequently 

V2 =1+7 — T + TT9 ^^•^ ^^^ *wo leading terms of this 
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aeries make 11 = 4 the cube of which, |4* is too great by |^ 
Let us then make 2 = |f — |^. we have c = | and 6 =s — ^^^ 

and consequently \/2 = | + ^ x -^* These two terms give 

I - y!j = »|, the cube of which is ^f ||||. Now, 2 = i^H, 
so that the error is ^^^If^* In this way we might still approx- 
imate* and the faster in proportion as we take a greater number 
of terms. 



CHAPTER XIII. 

€(f the resolution of Mgatiroe Powers. 

329. We have already shewn, that we may express — by or* ; 
we may therefore also express — r by (a + 6)""^ ; so that the 

fraction •-— may be considered as a power of a + fr, namely, 

that power whose exponent is — 1 ; and from this it follows, 
that the series already found as the value of (a + by extends 
also to this case. 

330. Since, therefore, --7 is the same as (a -f fr)*S let us 
suppose, in the general formula, n = — 1 ; and we shall f.rst 

ft 9t "^* I fl ^"^ 2 

have for the coefficients -7 = — 1 : = *— 1 : — - — = -^ 1 : 

1 '2 '3 

n ■— 3 1 

— — = — 1, &c. Then, for the powers of a ; o" = a"-* = — ; 

ijn-i -. ar^ = ^; a«"^= \ ,• a*^ = ~, &c. So that (o + 6)-» 

1 1 b bb b^ b^ b' . , ,. . . ., 

= -7-7 = «+—, T+ -T fi> «c., and this is the 

same series that we found before by division. ^ 

331. Further, , — rirz beine the same with fa + 6)"*, let us 

reduce this quantity also to an infinite series. For this purfmse, 
we most suppose n = — • 2, and we shail first bave lor the coeffi- 



. . 11 d n— 1 3 n— i£ 4 n— -3 

cents -Y — ^; -3- = -^; -3-=— 3» nT" = 

5 11 

— --, &c. Then^ for the powers of a ; a* = -j- j a""* = 15 

11 •* 

a"^ = -J ^ a*^ = -J, &c. We therefore obtain (a + 6)r* is 

1 _ 1 2 Aj.^ i *-? 2 ^ Ji 6^ 

T ^ I ^ "3 ^ 1 ^ ^' ^'^^ ^®^' * = ^^ 4x| = 3;fx 
|x.4 = 4; 4><I^tXJ=s5,&c. Consequently^ we have 
1 I ^ h h^ b^ b* b' 6« ^ 

332. Let us proceed and suppose n = — 3^ and we shall have 
a series expressing the value of ^ tL\$ 9 or of (a + 6)"^. The 

coefficients will be -| = --, ^ZL.____. 1=L. = __; 

?"" - = — —♦ &c. and the powers of a become, a" = -r ; fl*^^ = 
4 4 * a*' 

-- ; o**-* = — -, &c., which gives /—titt = -= r -i + — 

^2a«"" 1^2^3a«"*"l^ 2^3^"4fl7' 

1 b b^ b^ b* &« 6« 67 

= -, — 3^+6- — 10 -r + 15^— 21^ + 28 -_36-- 

+ 45^,&c. 

Let us now make n = — • 4 ; we shall have (w the coefficients 
**— 4 n— 1 _ 5 n-^2 _ 6 n— 3_ 7 j, 

T""~ 1 ' ""2 ~^' "r""~"3 ' "ir-~T ^^'^ 

and for the powers^ «« = --: o'^* = -- ; a**^ = — : a""*= -=. ; 
0-* = i, &c., whence we obtain j ^-^^ = I - i x ^T + 

4 5ft» 4 5 6*»4 5 67'6* 



\ 



\ 
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1 b b^ b^ b* h' ^ 

a* a' a* a' «» ^9 

333. The different cases that have been considered enable us 
to conclude^ witli certainty, that we shall have, generally, for any 
negative power oi a + h^ 

1 1 m b m tn+l b* m w+l 

And by means of this formulaf we may transform all such 
fractions into infinite series, substituting fractions also, or frac- 
tional exponents, for m, in order to express irrational quan- 
tities. 

334. The following considerations will illustrate this subject 
fiirfher* 

We have seen that, 



a + b a a^ a^ a^*^a^ a* 
If, therefore, we multiply this series by a + b, the product 
ought to be = 1 ^ and this is found to be true, as we shall see by 
performing the multiplication : 

1 ft fca fc3 b± b^ 

a + b 



b b^ 6» 6* ft* 



U ^ O' O- O- » . fi 



.ft 6* ft3 b* 6' ^ 

a a* fl* fl-* ' a* 

335. We have also found, that 

1 1 2ft 3ftft 4ft« 5ft*_6ft* ^ 

If, therefore, we multiply this senies by (a -f ft)*, the product 
ought alsotobersl. Now (a + by ^aa+2ah+bh See 
the operation : 



MgAra. 



SecLS. 



a a a' a* 

aa + 2a&«f 6 b 



46» 56* 






26 366 463 5^4 66* 



a 
£6 



aa 
466 



fl3 

6 63 



a* 
8 6* 



*" a aa a* - a* ' fl' 



--:nr + 



a' 
106* 



— ftsjc. 



6 6 2 63 3 [,4 4^5 
^ aa a* ^ a* a* '^ 



1 = the product^ which the nature of the thinj^ required. 
336. If we multiply the series which we found for the value 

of » by a + 6 only, the product ought to answer to the 

(a+ 0)* 

fraction — r— ;» or be equal to the series already found, namely. 
a + 

5 + "T 4 + "5> ^^* *"^ ^^'^ ^^ actual multiplication 



will confirm. 










1 26 
aa a' 


366 
+ a* 


a* 


» 5 6^ 
■*■ a« 


-, &c. 


a +6 










1 36 
a aa 


366 
■^ a3 


46' 
0* 


5 6* 


&c. 


b 
+ Ta 


266 
a3 


S6» 
+ «* 


4 6* 
~a* ' 


&c. 



1 6 66 63 6* 

":; — t:; + Ts — ;ri + ;;5 — > *tc- 

a aa a^ a* a'^ 
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OV KATIOS AND FBOFOBTIOITS. 



CHAPTER. I. 

t 

Of Jrithmetical Batio, or of the difference between two Jfumbers^ 

ARTICXE 337. 

Two qaantities are either equal to one another, or they are 
not. In the latter rase, where one is greater than the other^ 
we may consider their inequality in two different points of view : 
we may ask, how much one of the quantities is greater than the 
other 7 Or, we may ask* haw many times the one is greater 
than the other ? The results, wliich constitute the answei's to 
these two questions, are both called relations or ratios. We 
vsnally call the former arithmetical ratiOf and the latter geomet^ 
rical ratiOf without however these denominations -having any 
connexion with the thing itself : they have been adopted arbi- 
trarily. 

338. It is evident, that tlie quantities of which we speak must 
be of one and the same kind ; otherwise, we could not determine 
any thing with regard to their equality or inequality. It would 
be absurd, for example, to ask if two pounds and three ells are 
equal quantities. So that in what follows, quantities of the 
same kind only are to be considered } and as they may always 
be expressed by numbers, it is of numbers only, as was men- 
tioned at the beginning, that we shall treat. 

339. When of two given numbers, therefore, it is i*equired to 
find, how much one is greater ihi\n the other, the answer to this 
question determines the arithmetical ratio of the two numbers. 
Now, since this answer consists in giving the difference of the 

Euk Mg. 15 
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two numbers, it follows, that an a;i*itImiotiral ratio is nothing 
but the difference between two numbers : and as this appears to 
be a better expression, we shall reserve the words ratio and 
relatiorif to express geometrical ratios. 

S40. The diflTerence between two numbers is found, we know, 
by subtracting the less from the greater ; nothirtg therefore can 
be easier than resolving the question, how much one is greater 
than the other. So that when the numbers arc eqtial, the dif- 
ference being nothing, if it be inquired how much one of the 
numbers is greater than the other, we answer, by nothing. For 
example, 6 being = 2x3, the difference between 6 and 2 x 3 is 0. 

341. But when the two numbers arc not equal, as 5 and^ S, 
and it is inquired how much 5 is greater than 3, the answer isy 

2; and it is obtained by subtracting 3 from 5. Likewise 15 

is greater than 5 by 10 ; and SO exceeds 8 by 12. 

342. We have three things, therefore, to consider od this 
subject ; 1st, the greater of the two numbers ; 2d, the less ; and 
3d, the difference. And these three quantities are connected 
together in such a manner, tliat two of the three being given, 
wc may al\>ays determine the third. 

Let the greater number = a, tlie less = 6, and the difference 
= (!; the difference d will be found by subtracting 6 from a, so 
that d=:a — b; whence we sec how to find d, when a and b are 
given. 

343. But if tlie difference and the less of the two numbers, or 

bf are given, we can determine the greater number by adding 

together the difference and the less number, which gives a =r 

i + d. For, if we take from6 + d the less number ft, there 

remains J, which is the known difference. Let the less number 

= 12, and the difference = 8 ; then the greater number will be 
=:=20. 

344. Lastly, if beside the difference d, the greater number a 
is given, tlie other number b is found by subtracting the differ- 
ence from the greater number, which gives 6= a — d. For if 
I take the number a — d from the greater number a, there 
remains d, which is the given difference. 

"^ 345. The connexion, therefore, among the numbers a, &, i, is 
of such a nature, as to give the three following results : 1*^ d =£ a 
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< 

— *•&; 2^ a=zb + d; 3^ b ssa-^-d; and if one of these three 
comparisons be just, the othei*s must necessarily be so also. 
' Wherefore, generally^ if x; =s a; + y, it necessarily follows, that 
y :sz»^^x% and x:=%' — y* 

346. Witii regard to these arithmetical ratios we must remark, 
that if we add to the two nuti^erg a and h, a number c assumed 
at pleasure, or subtract it from them, the difference remains the 
same. That is to say, if d is the difference between a and b, 
that nnmber d will also be the difference between a + c and 
i -f Cy and between a^-^c and b — c. For example, the differ- 
ence between the numbers 20 and 1£ being 8, that difference 
will remain the same, whatever number we add to the numbers 
20 and 12, and whatever numbers we.subtract from them. 

347. The proof is evident ; for if a — 6 = ci we have also 
(a + c) — (b + e)=:d; and also (a — c) — (ft — c) = d. 

348. If we double the trio numbers a and b, the difference will 
also become douUe. Thus, when^ a — ft = d, we shall have, 
Sa-^Sfts ^(f,* tMA, generalljif na — nb = nd, whateroer value 
wegroeton. 



CHAPTER II. 

Of Jlrithmetical Proportion. 

349. When two arithmetical ratios, or relations, are equal, 
this equality is called an arithmetical proportion. 

Thus, when a — ft = d and p — g = d, so that the difference 
is the same between the numbers p and q, as between the num- 
bers a and 6, we say that these four numbers form an arithmeti- 
cal proportion ; which we write thus, a — ft =p — q, expressing 
clearly by this, that the difference between a and ft is equal to 
the difference between p and g. 

350. An arithmetical proportion consists therefore of four 
terms, which must be such, that if we subtract the second from 
the first, the remainder is the same as when we subtract the 
fourth from the third. Thus, the four nutnbera 12, 7, 9, 4, form 
an arithmetical proportion, because 12 — 7 = 9 — 4.'*^ 

* To shew that these terma make such a proportion, some write them 
thus ; IS • • 7 : : 9 • . 4. 
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351. fFhen we haroe an arithmetical proportionf as a— - b=|^ 
"» q, we may make tlie second and third change placeSf writing 
a — p = b — q; and this equality will be no less true ; for» since 
a — b=zp — 9, add 6 to both sides, and we have a^b +p -^qf 
then subtract p from both sides, and we have a — p = fr — ^ . 

In the same manner, as 12 — 7 = 9 •— 4, so also 

12—9 = 7 — 4. 

552. We mayf in every arithmetical proporHonf put the second 
term also in the place of the Jirst^ if we make the same transpotim 
Hon of the third andfourtL l*hat is to say, if a — b =zp~^q^ 
we have also b — a:= q ^^p. For b — a is the negative of 
a — b, and 9 — * p is also the negative of p — 9. Thus^ since 
12 — 7 = 9 — 4, we have also 7 — 12 = 4 — 9. 

353. But the great property of eve^y arithnutical proportUmis 
this; that the supi of the second and third term is always equal to 
the sum of the first and fourth. This property, which we must 
particularly consider, is expressed also by saying that, the sum 
of the means is equal to tlie sum of the extremes. Thus, since 
12 — 7 = 9 — 4, we have 7 + 9=12 + 4^ and the sum we find 
is 16 in both. 

354. In order to demonstrate this principal property, let 
a — &=p — q; if we add to both ft-f-g, we have a-f 9 = b +p; 
that is, the sum of the first and fourth terms is equal to the sum 
of the second and third. And conversely^ if four numbers^ a^ by p, 
q, are such^ that the sum of the second and third is eq^ud to the sum 
of the first and fourthf that is, if & + p = a -f 9, we conclude^ 
without a possibility of mistake, that these numbers are in orttA- 
metical proportion^ and that a — 6 = p — q. For, since 

« + g=6 + p. 
If we subtract from both sides 6 -f- 9, we obtain a — - i=p — q^ 

Thus, the numbers 18, 13, 15, 10, being such, that the aam 
of the means (13 + 15 = 28,) is equal to tlie sum of the ex* 
tremcs (18 + 10 = 28,) it is certain, that they also form an 
arithmetical proportion ; and, consequently, that 

18 — 13 = 15—10. 

355. It is easy, by means of this property, to resolve the fol- 
lo^^ing question. The three first tern.s of an arithmetical pro- 
portion being given to find the fourth ? Let a, b, p, be the ihrtfi 
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,,£r»t teems* and let us expte&s Ilie fourth by q, which : 

'j«quired to determine, tlicn a + q =. li +p ; bj siiblrncting o 
from tiotli atdeS) wo oiitaiu ij = b +p — a. 

Thus, the fourth term is found by adding together the second and 
i}ard, and subtracling thefirsl from that sum. 8up|iiise. for ex- 
amiile, (hat 19, 28, 13. are the tliii-e first terms giieu, the sum 
of the secuiid iind thii-d is =41 ; take fruiu it the firtil, which is 

. 19, there remaiim -^3 fur the fimrth term Bought, and the aiith- 
metical prupoition will be represented by 19 — 28 = 15 — 22, 

, or, by 88 — 19 = 22—13, or, lastly, hy 28 — 22= 19— IS. 

356. Whm in an arithmetical proportion, the sea/tid term is equal 
► to the third, we have only three numhers; the prupiity of which 

is this, that the first, minus the second, is equal to the second, 
lus the thii'd; or, that llie difference between the first and 
jthe Hecond numbrr is equal to the dilTerence between the second 
I and the third. The three numbei's, 19, 15, II, are of this kind, 
iBinco 13— 15= 15 — 11. 

357. Three suck numbers are said to form a continued arilh- 
"melical proportiont whirh is sometimes written thus, 19 : 15 : 11. 

iSfKcA proportions are also called arithmetical progressions, par- 
iiadarly if a greater number of terms foilojv each other according 
ia the same taw. 

An arithmetical progression may be either increasing, or 

• decrenatng. The former diatinction is applied when the termu 

• go on increasing, that is to say, when the second exceeds the 
first, and the tliird exceeds the second by the same quantity; 

8 in the numbers 4, 7, 10. The decreasing jirogrrssion is thai, 
in which the terms go on always diminishing by the same quan- 
tity, sui'li as llie numbers 9, 5, I. 

258. Let us suppose the nnrnbers a, 6, c, to he in arithmetical 
1 progression ; llieii a — b = b — c, whence it fultows, from the 
.' equality between Ihe sum of the extremes and that of the means, 
"that 2b = R + c; and if wo subtract a from bulh, we have 
C = 2Jl — (I. 
59. So that when tlic two Jirsl terms a, b, nf an arithmetical 
ifrogresnm are givcHr ilte third is fmind by taking the frst from 
twice the second. Let I and 3 be the two first terms of an arith- 
n(etical progression, the tliini will be = 2x3 — 1 = 5. And 
these three numbers i, 3, S give the proportion 1 — " 



t 
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360. By following the same methfrf^ we may pursue the 
arithmetical progression as far as we please; we have anhf to 
find the fourth by means of the second and third, in the same matt- 
ner as ^e determined the third by means of the first and second^ 
and 80 on. Let a be the first term* and b the second^ the third 
will be = 2 6 — a, the fourth =46 — 2 a — 6 = 36 — Sa, the 
fifth 66— .4a^— 26 + a = 46~Sa,thesixth = 86 — 6a-* 36 
+ 2a=56— 4a, the seventh = 106— 8a — 4 6 + 3a = 6* 
— 5 a, &c. 



CHAPTER III. 

Cff M,thmeitcal Progressions* 

361. We have remarked already, that a series of numbers 
composed of any number of terms, which always increase, or 
decrease by the same quantity, is called an arithmdical progres* 
sum. 

Thus, the natural numbers written in their order, (as 1^ 3f 3$ 
4, 5, 6, Tf 89 9, IO9 &c.) form an arithmetical progression, 
because they constantly increase by unify ; and the series 25, 
SS, 19, 16, 13, 10, 7, 4, 1, &r. is also such a progression, since 
the numbers constantly decrease by S. 

362. The number, or quantity, by which the terms of an 
arithmetical progression become greater or less, is called the 
difference. So that when the first term and the difference are 
given, we may continue the arithmetical progression to any 
length. 

Fur. example, let the first term = S, and i»e. difference = 3, 
and we shall have the following increasing progression ; S, 5, 
8, 11, 14, ir, 20, 23, 26, 2d, &c. in which each term is found, 
by adding the difference to the preceding term. 

363. It is usual to write the natural numbers, 1, 2, 3, 4, 5, &c* 
above the terms of such an arithmetical progi*es8ion, in oi*der 
that wo may immediately perceive the rank which any term 
Iiolds in the progression. These numbers written above tb^ 
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terms, may be called indices i and the above examide is written 

as follows : 
Indices^ 123456 7 89 10 

Afith. Pr^. ^9 5, 8| It, 14, 17 f 20, 23, 26, 29, &C. 

where we see that 29 is the tenth term. 

364. Let a be the first teriA, and d the difference, the arith- 

metical progression will go on in the following order : 
1 ?. 3 4 5 6 7 

a, a + df a + Zd, a + Sd^ a + 4(1, a + 5d, a + 6d, &c. 

whence it appears, that any term of the progression might be 

easily found, without the necessity of finding all the preceding 

ones, by means only of the first term a and the difference d. 

For example, the tenth term will be = a -f- 9 d, tlie hundredth 

term =za + 99d, and generally, the term n will be 

=:a + {n — i)d. 

S65. When we stop at any point of the progression, it is of 
importance to attend to the first and the last term, since the 
index of the Isist will represent the number of terms, ijf, iherC' 
Jarei the first term = a, the difference = d, and the number of terms 
= n, we shall have the last term = a + (n ^ — 1) d, which is con^ 
gefwntly found by multiplying the difference by the number of terms 
mhms one, and adding the first term to that product. Suppose, for 
example, in an arithmetical progression of a hundred terms, 
the first term is =: 4, and the difierence = 3 ; then the last term 
will be = 99 X 3 +4 = 301. 

366« When we know the first term a and the last %, with the 
number of terms n, we can find the diSbrence d. For, since 
the last term « r= a + (ti — 1) d, if we subtrac t a from both sides, 
we obtain «-^ ior = (n — 1) d. So that by subtrac^ting the first 
term from the last, we have the product of the difference multi- 
plied by the number of terms minus 1. We have, therefore, 
only to divide a — o by n — 1 to obtain the required value of 

the difierence d, which will be = • This result furnishes 

n— 1 

thc^ following rule : f9ubtract the first term from the last, divide the 

remainder by the number of terms mtnns 1, and Vie quotient wiU 

be the difference : by means of which we may write the ifvhole 

progression. 
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SGT. Sapposfy for example, that we hare an arithmetical 

progression of nine terras* whose first is = '2, and last = 26, 

and that it is required to find the diflTerence. We roust subtract 

the first term, 2, from the last» 26, and divide the remainder^ 

\v hich is 24, by 9 — 1, that is, by 8 ; the quotient 3 will be equal 

to the difference required, and the whole progression will lie 

125456789 
2, 5, 8, 11, 14, 17, 20, 2d, 26. 

To give another example, let us suppose that the first terra 
;= 1, the last = 2, the number of terms = 10, and that the arith- 
metical progression, answering to these suppositions, is requir- 

2— 1 1 
ed ; we shall immediately have for the diflTercnce — — - = -^, 

and thence conclude that the progression is 

12845 6 789 la 
U li» 1^ l|f If Ht \\f Hf li, 2. 
Another example. Let the first term = 2^. the last = 12^ 

and the number of terms = 7 ; the difierence will be 

7--1 "" 6 ""36"" 36' 
and consequently tlie progression 

1 2 3 4 5 6 7 

^. 4,V* ^\h 7j'j. 9|, 10|», 12|. 
268. If now the first term a, the last term k, and the differ- 
ence (f, are given, we may from them find the number of terms 
«• For since ^ — a = (n — l)d,hy dividing the two sides 

by d, we have — ^ — = n — !• Now, n being greater by 1 

than n — 1, we have n = — ^ — + 1 ; consequently, the number 

of terms is found ly dividing the difference between thejirst and the 
last termf or z ^^ vl, by the difference of the progression, and adding 

unity to the quotient, — ^ — . 

For example, let the first term =4, the last = 100, and th^ 

100—4 

difierence = 12, the number of terms will be 1- 1 =5 9 j 

12 

and these nine terms will be, 

123456789 
4, 16, 28, 40, 52, 64, 76^ 88, 100. 
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If the first term = 2, the last = 6>^nd difference =: l^, the 

4 

number of terms will be —. + 1 = 4 ^ and these four terms 

H 

will bey 

12 3 4 
2, SJ, 4|, 6. 

jfLgaiut let the first term = 3-^, the last = 7-1 f an(J the differ- 
ence = 14, the number of terms will be zs ^^^ ^ -f 1 = 4 ^ 
wti^^are^ 

H^ 4|, 6|, r|. 

869. It must be observed^ however, that as the number of terms 
is nec^sarily an integer, if we had not obtained such a number 
for fly in the examples of the preceding article, the questions 
wauld have been absurd. 

Whenever we do not obtain an integral number for the value 

fi . i it will be impossible to resolve th^ question ; and con- 
sequently, in order that questions of this kind may be possible^ 
«-»a must be divisible by d. 

370. From what has been said, it may be concluded, that we 
bave always four quantities^ or things^ to consider in arithmetic- 
al progression j; 

I, The first term a. 
II. The l^t term cc. 

Xih The di^^rence d. 

IV. Thc^ number of terms fi. 
And the relations of these quantities to each other are such, that 
if we know three of them> we are able to determine the fourth } 

I. If a, d, and n are known, we have z = a -{- (n — 1) d* 
11. If z, d, and n are known, we have a = z — (n — * 1) d. 

IIL ff a, Zy and n are known, we have d = -. 

n — 1 

lY. If 9i,z, and d are known, we have n = -^-p* 'f 1. 
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CHAPTER IV. 

Of the Summation of Arithmetical Progressions. 

371. It is often necessary also to find the sum of an arith- 
metical progression. This might be done by adding all the 
terms together ; but as the addition would be very tedious^ when 
the progression consisted of a great number of termsy a rule has 
been devised, by which the sum may be more readily obtained. 

372. We shall first consider a particular given progression^ 
such that the first term = Qf the difierence =: 3, the last term 
= 29, and the number of terms = 10 ; 

123456789 10 
S, 5, 8, U, 14, 17, 20, 23, 26, 29. 

We sce» in this progression, that the sum of the first and the 
last term = 31 ; the sum of the second and the last but one 
= 31 ; the sum of the third and the last but two = SI, and so 
on ; and thence we conclude, that the sum of any two terms 
equally distant, the one from the first, and the other from the last 
term, is always equal to the sum of the first and the last term. 

373. The reasons of this may be easily traced. For, if we sup- 
pose the first = a, the last = !%, and the difierence = d, the sum 
of the first and the last term is = a + ^ ; and the second term 
being z=:a + d, and the last but one = % — d, the sum of these 
two terms is also = a + «• Further, the third term being 
a + 2d, and the last but two = oi — 2 (2, it is evident that these 
two terms also, when added together, make a+%. The demon- 
stration may be easily extended to all the rest, 

374. To determine, therefore, the sum of the progression pro- 
posed, let us write the same progression term by term, inverted, 
and add the corresponding terms together, as follows : 

£ + 5 + 8 -f. 11 + 14 + 17 + 20 + 23 + 26 + 29 
29 + 26 + 23 + 20 + 17 + 14 + 11 + 8 + 5 + 2. 

31 + 31 + 31 + 31 + 31 + 31 -f- 31 + 31 + 31 + 31 

This series of equal terms is evidently equal to twice the sum 
of the given progression ; now the number of these equal terms 
is 10, as iu the progression, and their sum, consequently^ = 10 
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X 31 = SIQ. So (hat) since tliis sum ia twice the sum of the 
arithmetical pi'Mgit'ssiDn, the BUtn required muit be = 155. 

375. If wp pruci'cd in the same manner, with respect to any 
arithmctiral progrension, the fti-st Icrni of wliicU is = a, the last 
= %, and the number of terms = w; writing uniler the given 
prugiessitin the same progresflion inverted, and adding term to 
term, we shall have a series of n termS) each uf which will be 
= a-f s; the sum of this series will cunseqiicritl}' bo = n(a + x), 
and it will be twite the sum of the pi-opDaeil arithmetical pro- 

Session; which therefore will he = — ^-~ — -. 
376, This result furnishes an easy methnd of finding the sum 
of any arithmetical progi-ession ; and may be reduced to the 
following rule: 

Multiply Ihe sum of the first and the last lerm by the numher of 
terms, avd hiilj the product will be Ike sum of the lohoU progres' 
sion. 

Or, which amounts to the 8an;ie, multiply the sum of the first 
and the last term by half the number of terms. 

Or, multiply half the sum of the fir^t and the last term by the 
whole number of terras. Each of these enunciations of the rule 
will give the sum of the progression. 

ST7. It may be proper to illustrate this rule by some exatn- 
ples. 

First, let it be required to find the sum of the progression of 
the natural numbers, l, S, S, &c. to 100. Tliis will be, by the 

firet rule, = '°^' ^ "" = 50 x 101 = SOoO. 

If it were required to tell how many )>trokes a clock strikes 
ia twelve lioui^ ; we must add together the numbers 1, 2, 3, as 

far as IS; now this sum is found immediately = — - — = 6 x 

13 = 78. If we wished to know the sum of the same progi-es- 
Bion continued to lOOO, we should find it to be 500500 ; and llio 
sum of this progression continued to lOOOO, would be S0O05OU0. 
378. Another question. A person buys a horse, on condition 
that for the first nail he shall pay 5 halfpence, for Ihe second 6, 
for the thii-d 1 1, and so on, always increasing 3 hallpence moro 
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for each following otie ; the horse having 3S nails^ it is reqaired 
to tell how much he will cost the purchaser? 

Iri this question, it is required to find the sum of an arith- 
metical progressiont the first term of which is Sf the diflference 
= 3, and the nunroer of terms =: S2. We must therefore bq^n 
by determining the last term ; we find it (by the rule in artides 
365 and 370) = 5 -f 31 x 3 = 98. After which the sum requfr- 

ed is easily found = — ^-^- — = 103 x 16 ; whence we conclude 

that the horse costs 1 648 halfpence, or 3^ 88. Q(L 

379. Generally, let the fii-st term be = a, the difference = df 
and the number of terms = n ; and let it be required to find^ by 
means of thet^e data, the sum of the whole progression* As the 
last term must be = a + (n — 1) J, the sum of the first and last 
will be = 2 a + (n — 1) d. Multiplying this sum by the number 
of terms n, \v e have 2iia + n(n— •!)({; the sum required there- 
fore will be = 71 a -4 — ^ . 

This formula, if applied to the preceding example, or to a = il^ 
d = 3, and n = 32, gives 5 X 32 + ^ ^ = 160 + 1488 = 

1648 ; the same sum that we obtaitied before. 

380. If it be required to add together all the natural numbers 

from 1 to 71, we have, for finding tliis sum, the first term = 1, 

the last term =: n, and the number of terms = n ; wherefore the 

« ' • 1 • nn +n n(n + 1) 
sum required is = — = — i — I — i, 

^ At 

If we make n = 1766, the sum of all the numbers, from 1 to 
1766. will be = 883 x 1767 = 1560261. 

38 U Lti the progression of uneven numbers be proposed^ 1, S, 5, 
7, &c, continued to ti terms, and let the sum of it be required : 

Here the first term is = 1, the difference = 2, the number of 
terms = w ; the last term will therefore be = 1 + (n — 1) 2 sc 
2n — 1, and consequently the sum required = nn. 

The whole therefore consists in multiplying the number of 
terms by itself. So that whatever number of terms qf this pro* 
gression ive add together^ the sum will be always a square, narndf, 
the square qf the number of terms. This we shall exemplify as 
follows ; 
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Indices, 1 2 3 4 S 6 f 8 9 10 &c. 

Frogress, I, S, 5, 7, 9, 11» 13, 15, 17, IQ^ &c. 

Sum, 1, 4, 9, I6f it5f 96, 49, 64, 81, 100, &c. 

. 68fii Let the. first term be s 1, llie differesce ss 3, and the 

fHimber of terms sx ti; we shall have the progression 1, 4, 7^ 

4(H^* the kst term of which will be 1 +(no— r)3s=3fi — 2^ 

wherefore the sum of the first and the last term =s 3 n — 1, and 

,, ,, ., -.... . n(3ii— I) 3ntt«-<ft 

'Consequently, the sum of this progression = ^^- ■ — ^'=-— . — ^ 

K we suppose ti s 20, the sum will be = 10 x 59 = 590. 

383. Again* let the first term = 1, the difference = d, and the 
aumber of terms s n ; then the last term will be r=: 1 4. (n — 1) d» 
<Adding the first, we have 2 + (n-^ 1) d, and multiplying by the 
^miniiber of terms, we have 2 n + n (ft ^ 0^^ whence we deduce 

the snm of the progression r= w -f ^a" ~ / . 
Wesul\j6in the following small table : 
If d = 1, the sum is = n + — ^^ — ^ = J^ 

d = 2, =n-| ^— -' = tiw 

J ^ . 3ii(n — 1) 3nn — n 

a s= 4, = n + — i-r = 2 n n — n 

- ^ . 5nfn — 1) 5nn — 3n 

, ^ .7n(n— ly rim — 5n 

^ = ^' =^-f 2— =— 2— 

d = 8, = n -I — «.^-^- i = 4 ti n «— 3 n 

, -. 9»Cn— 1) 9nn — 7« 
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CHAPTER V. 

Of Geometrical Ratid. 

384. The geometrical ratio of two numbers is found by resolY- 
ing the question^ how *many times is one of those numbers greater 
than the other? This is done by dividing one by the other; 
and the quotient^ therefore, expresses the ratio required. 

385, We have here three things to consider; Ist, the first of 
the two given numbers, which is called the antecedent ; Sdly, the 
other number, which is called the consequent ; 3dly, the ratio 
of the two numbers, or the quotient arising from the division of 
the antecedent by tlie consequent. For example, if the relation 
of the numbers 18 and 12 be required, 18 is the antecedent, 12 
is the consequent, and the ratio will be x| = 1^ 9 vbeiice we 
see, that the antecedent contains the consequent once and a 
balf. 

. 386. It is usual to represent geometrical relation by two 
points, placed one above the other, between the antecedent and 
the consequent. Thus a : b means the geometrical relation of 
these tw o numbers, or the ratio of b to a. 

We have already remarked, that this sign is employed to 
represent division, and for this reason we make use of it here; 
because, in order to know the ratio, we must divide a by ft. The 
relation, expressed by this sign, is read simply, a is to b. 

387. Relation therefore is expressed by a fraction^ whose' 
numerator is the antecedent, and whose denominator is the con- 
sequent. Perspicuity requires that this fraction should be iilways 
reduced to its lowest terms ; which is done, as we have already 
shewn, by dividing both the numer^r and denominator by * 
their greatest common divisor. Thus, the fraction ^| becomes 
|, by dividing both terms by 6. 

388. So that relations only dififer according as their ratios 
are different ; and there are as many different kinds of geoaiet- 
ricai relations as we can conceive different ratios. 

The first kind is undoubtedly that in which the ratio becomes 
unity ; this case happens when the two numbers are equal, as • 
in 3 : 3 ; 4:4; am; the ratio is here 1^ and for this reason 
we call it the relation of equality. 
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Next follow those relations in which the ratio is another whole 
liuuiber ; in 4 : 2 the ratio is '^, and is called double ratio ; in 
12 : 4 the ratio isS, and is called tripk ratio ; in £4 : 6 the ratio 
is 4^ and is called quadruple ratio^ &c. 

We may next consider those relations whose ratios are expresr 
•ed by fractions, as 12 : 9, where the ratio iff | or 1-^ ; 18 : 2/f 
where the ratio is §, &c. We may also distin^ish those rela^ 
' tions in which the consequent contains exactly twice, tliriee, &c. 
the antecedent ; such are the relations 6 : 12, 5 : 15, &c» the 
ratio of which some call, subduple, subtriple, &c. ratios. 

Further, we call that ratio rational, which is an expressible 
number; the antecedent and consequent being integers, as in 
11 : r, B : 15, &c. and we call that an irrational or. surd ratio^ 
which can neither be exactly expressed by integers^ nor by frac- 
tions, as in y5~: 8, 4 : vF* 

389. Let a be the aittecedent, b the consequent, and d the ra- 
tio,^ we know already that a |md b being given, we find d == -r-. . 

' 

ft 

If the consequent &; were given with the ratio, we should find 

the antecedent a = 5 d, because b d divided by b gives d. Lastly^ 

when the aptecedent a is given, and the ratio d, we find the 

a ' 
consequent & = -^ ; for, dividing the antecedent a by the conse- 

quent ^, we obtain the quotient d, that is to say, the ratio. . 

890. Eveiilfrelation a ; b remains the same, though we multi« 
ply, or divide the antecedent and consequent by the same num- 
ber, because the ratio is the same. Let d be the ratio o{ a:b, 

a * * 

' we have d = •—; now th^ ratio, of the relation nainb is also 

^ = d, and that of the relation — : — is likewise t- = d. 
b n n b 

391. When a ratio has been reduced to its lowest terms, it is 

easy to perceive and enunciate the relation. For, example, when 

the ratio ^ has been reduced to the fraction — , we say a : ft = 

* y : g, a : ft : :.p : g, which is read, a is to ft as p is to q. Thus^ 
the ratio of the relation 6 : 3 being f, or 2, we say 6:3 = 2:1. 
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We bave UkewiM It : IS s 3 : 2, and S4 : 18 =s4 : 9^ ud 50 1 45 
is2:S, &c. But if the ratio cannot be abridged, the rdaftMNi 
will not become more evident ; we do not simplify the relatliMi 
by saying 9:7=9:7. 

392. On the other hand, we may sometimes change the nia^ 
tion of two very great numbers into one that shall be mora 
•Imide and evident, by reducing both to their lowest terma. For 
example, we can bay 28S44 : 144£2 = 2 : 1 ; or, 

10566 : 7044 = 3:2; or, 57600 : 25200 = 16:7. 

393. In order, therefore, to express any relation in tiie clear- 
est manner, it is necessary to reduce it to the smallest possible 
numbers. This is easily done, by dividing the two terms of the 
relation by their greatest common divisor. For example^ le 
reduce tlie relation 57600 : 25200 to that of 16 : 7, we have only 
to perform the single operation of dividing the numbers 576 and 
£52 by 36, which is their greatest common divisor. 

394. It is important, therefore, to know how to find the great* 
est common divisor of two given numbers ; but this requires a 
rule, which we shall explain in the following chapter* 



CHAPTER VI. 

Of the greatest Common Divisor of two green fmmfterg. 

395. There are some numbers which have no other commoM. 
divisor than unity, and when the numerator and denominatoir 
of a fraction are of this nature, it cannot be reduced to a mori^ 
convenient form. The two numbers 48 and 35, for example^ 
have no cotnmon divisor, though each has its own divison^ 
For this reason we cannot express the relation 48 : 35 mon^ 
simply, because the division of two numbers by 1 does not; 
diminish them. 

396. But when tlie two numbers have a common divisor^ it i» 
found by the following rule : 

Divide the greater rf the two fmwbers bjf the less; ntost^ iiM4/t 
the preceding divisor by the remainder; what remains in UHm 
second division will afterwards become a divisor far a* third dMf^ 
ion, in which the remainder of the preceding division wHl tt the 
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dividendM We must amtinms this operationf till we arrvoe at a 
division that leaves no renuivider; the divisor of this divisunif and 
consequently the last divisoTf will be the greatest cotnnum divisor of 
the two given numbers. 
See this operation for the two numbers 576 and £52. 

252) 576 (2 
504 

72) 252 (3 
216 

36) 72 (2 
. 72 

So that, in this instance, the greatest common divisor is 36« 
397. It will be proper to illufitrate this rule by some other 

examples* Let the greatest common divisor of the numbers 

504 and 312 be required. 

312) 504 (1 

312 



192)312(1 
192 



120) 192 (1 
120 



72) 120 (1 

72 



48) 72 (1 
. 48 



24) 48 (2 
48 

0. 

- So that 24 is the greatest common divisor, and consequently 
fhe relation 504 : 312 is reduced to the form 21 : 13^ 

598. Let the relation 625 : 529 be given, and the greatest 
common divisor of these two numbers be required. 

EuL Alg. 17 
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529) 625 (1 
529 

96) 529 (5 
480 



49) 96 (1 
49 



47) 49 (1 

47 



2) 47 (2S 
46 

1)2 (2 
fi 

0. 

Whererore 1 is^ in this case, the greatest common divisoFj 
and consequently we cannot express the relation 625 : 529 by 
less numbers^ nor reduce it to less terms. 

399. It may be proper, in this place, to give a demonstration 
of the rule. In order to this, let a be the greater and b the less 
of the given numbers ; and let d be one of their common divisors ; 
it is evident that a and b being divisible by d, we may also 
divide the quantities a — ^ 6, a — ^ 2 &> a •— « 3 b, and, in general^ 
a-^ nb by d» 

400. The converse is no less true ; that is to say, if the num- 
bers b and a-^nb are divisible by d, the number a will also be 
divisible by d. For nb being divisible by ^, we could not divide 
a — 71 b by d, if a were not also divisible by d. 

401. We observe further, that if d be the greatest common 
divisor of two numbers, b and a — n 6, it will also be the great- 
est common divisor of the two numbers a and b. Since^ if a 
greater common divisor could be found than d, for these num- 
bers, a and 6, that number would also be a common divisor of 6 
and a — n 6 ; and, consequently, d would not be the greatest 
common divisor of these two numbers. Now we have supposed 
d the greatest divisor common to b and a — nb; wherefore d 
must sdso be the ^atest common divisor of a and ft. 
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40£. These three things being laid down, let us divide, 
according to the rule, the greater number a by the less b ; 
and let us suppose the quotient = n ; the remainder will be 
a^^nbf which must be less than b* Now this remainder a — nb 
haring the same greatest common divisor with bf as the given 
Bombers a and bf we have only to repeat the division, dividing 
the preceding didsor b by the remainder a^^nb; the new 
remainder, which we obtain, will still have* with the preceding 
divisor, the same greatest common divisor, and so .on* 

403. We proceed in the same manner, till we arrive at a 
division without a remainder ; that is, in which the remainder 
is nothing. Letp be the last divisor, contained exactly a cer- 
tain number of times in its dividend ; this dividend will there- 
fore be divisible by Pf and will have the form m p j so that the 
numbers ji» and mp, are both divisible byp; and it is certain, 
that they hare no greater common divisor, because no number 
€an actually be divided by a number greater than itself. Con- 
sequently, this last divisor is also the greatest common divisor 
of the given numbers a and i, and the rule, which we laid down, 
is demonstrated. 

404. We may give another example of the same rule, requir- 
ing the greatest common divisor of the numbers 1728 and £304. 
The operation is as follows : 

1728) 2304 (1 
1728 

576) 1728 (3 

1728 

From this it follows, that 576 is the greatest conimon divisor, 
and that the relation 1728 : 2304 is reduced to 3 : 4 ; that is to 
say^ 1728 is to 2304 the same as 3 is to 4. 
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Of Geometrical Proportions. 

405. Two geometrical relations *are equal, when their ratios 
are equal. This equality of two relations is railed a geometrical 
proportion ; and we write for example, a : fr = c : a, or a : A : icid, 
to indicate that the relation a : 6 is equal to the relation c : d ; 
but this is more simply expressed by saying* a is tod as c to il» 
The following is such a proportion, 8:4=12:6; for the ratio 
of the relation 8 : 4 is 4, and this is also the ratio of the rela- 
tion 12: 6. 

406. So that azbz=ic:d being a geometrical proportion^ tbe 

ratio must be the same on both sides, and -r = -^ ; and> recipro- 

(t c 

cally, if the fractions -r and -^ are equal, we have aibzicid. 

40r. A geometrical proportion consists therefore of four terms^ 
such, that the first, divided by the second, gives the same quo» 
tient as the third divided by the fourth. Hence we deduce aa 
important property, common to all geometrical proportioo^ 
which is, that the product of the first and the last term is alway$ 
equal to the product of the second and third ; or, more simply, that 
the product of tJie extremes is equal to the product of the means. 

408. In order to demonstrate this property, let us take the 

geometrical proportion a : 6 == c : d^ so that -r = ^* If we mid- 

bc 
tiply both these fractions by b, we obtain ^ ==> -^» and multiply- 

ing both sides further by d, we have ad=sbc» Now a d is thci 
product of the extreme terms, 6 c is that of the means, and these 
two products are found to be equal. 

409. Redprocallyf if the four numbers a, b, c, d, are such, that 
the product of the two extremes a and d is equal to the product (^ 

* the two means b and c, we are certain tluit tlieyform a geometric 
cal proportion. For since a d = 6 c, we have only to divide both 

sides by b d, which gives us r-^ = r^f or -r = -^» and consequent- 
ly a : & = c : d. 
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410. Tliejotir terms of a geometrictU proportion, as a: lr=c :<J, 
may be Iraitsposed in differmt ways, witfiotit destroying the pro- 
porlioa. For the rule being always, that the prodnd of the ex- 
tremes is equal to tUeprotluct of the menus, or a d = b c, ive may say : 
!•• b : a = d : c ; a*"'- a : c = b : d j S'"''- d : b = c : a j 
4*'^ d : c = b : a. 

Besides tUrse four geometrical pi-oportions, we may de- 
lure some uthers fivim tbe same (iropoi'tion, a : b^c: d. Tfe 
may say, thejirst term, plus the second, is to the first, as the third 
+ the fourth is the third ; that is, a + b : a = c + d : c. 

We may Turtliersay ; the first — the second is to the first as the 
third — tltejoarlk is to the third, or a — b i a = c — d ; c. 

For. if we take the produi^t of the extremes and the means, 
we have a c — iic = ac — a i^, which eviilenttj* leads to the eqaal- 
ityad = bc. 

Lastlyt it is easy to demonstrate, that a +l> : b ^ c + d : d i 
and that a — b : b = c — d -. d. 

412. All the projHirttons which we have deduced froni a : b = 
: d, may he represented, generally, as follows : 

ma +nb : pa + qb=:mc+nd : pc + qd. 
For the product of the extreme terms iampac+npbc +jn gad 
•f-n^bd; whirh.sincea d= b c,beron^esm p a c + np b c + m qbc 
^nqbd. Further, the product of the mean terms \smpa c + 
mgbc + npad + nqbd; or, since a (f = & c, it ismpac + mqbe 
-^npbe + nqbd I so that the two products are equal. 

413. It is evident, therefore, that a geometrical proportion 
being given, for example, 6 : 3 = 10 : 5, an infinite number of 
others may be deduced froov it. We shall give only a few : 

3:6 = 5;10j6:10 = 3 5;9:6 = 15:]0; 
3:3 = 5: 5 ; 9 : l.'i = 3 : 5 ; 9 : 3 = 15 : 5. 

414. Since, in every geometrical proportion, the product of 
IB extremes is equal to the product of the means, we may, 

Vhen the three first terms are known, find the fourth from them. 
l>t the three first terms be 24 : 1 5 =40 to .... as the product 
of the means is here ffOO, the fourth term mulliplied by the first, 
that is by 24, must also make 600 ; consequently, by dividing 
COO by S4, the quotient 25 will be Ihc fourth term required, and 
tiie whole proportion niU be S4 : 15 =40 : 25, In general^ 
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thereFore, if the three lint terms are a : ft = e:.... we put d 
for the unknown fourth letter ; and since a d = 6 c» we 



6e 
both sides by a> and have d = — • So that iht fourth term is 

= -^^ and isfouiid by muUiplying the second term by the third, and 

a 
dividing that product by the first term. 

4 1 5. This is the foundation of the celebrated Rule cf Thru ill 
mrithmetic ; for what is required in that rule ? We suppose three 
numberfi gi\en, and seek a fourth, which may be in geometrical 
proportion ; so that the first may be to the second, as the third 
is to the fourth. 

416. Some particular circumstances deserve attention here. 
First, if in two proportions the first and the third terms are th$ 

same^ as in a : 6 = c : d, and a :f=c : g, I say that the two 
second and the two fourtn terms will also be in geometrical prapor^ 
tion. rnd that b : d z=zf : g. For» the first proportion being 
transformed into thiSf a: c=:b : df and the second into this^ 
a I c =f : gf it follo>%s that the relations b : d and/: g are equals 
since each of them is equal to the relation a : c» For example^ 
if 5 : 100 = 2 : 40, and 5 : 15 = 2 : 6, we must have 100 : 40 
= 15:6. 

417. But if the two proportions are such, that the mean terms 
are the same in both, I say that the first terms will be in an 
inverse pro|N>rti')n to the fourth terms. That is to say, if a : 6 
= c : d, and/: fr = c : g^ it follows that a if=g : d. Let the 
proportions be, lor example, 24 : 8 = 9 : 3, and 6:8=9: 12, 
we have 24 : 6 = 12 : 3. The reason is evident ; the first pro« 
portion ,<ives ad=zbc; the second gives/j^ = frc; therefore^ 
a d =fg9 and a :f=g : d, or a : ^ : :/ : d. 

418. Two proportions being given, we may always produce 
a new one, by separately multiplying the first term of the one 
by the fii'st term of the other, the second by tiie second, and so 
on, with respect to the other terms. Thus, the proportions ait 
=^c : d and e :f=z g : h will furnish this, a e : fr/= eg : dhm For 
the first giving ad:=zbc9 and the second giving e h ^fgf we have 
also adeh=zb cfg. Now a d e A is the product of the extremes, 
and bcfgis the pro^luct of t!ie fneans in tlio new pro|X)rtion ; so 
that the two products being equal, the proportion is true. 
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419. Let the two proportions he, for example, 6 : 4 = 15 : 10 
and 9 : 12 = 15 : 20, their combinatiuB will give tiie proportion 
6x9:4x 12=15X1.'^ : 10x20, 

or 54 : 48 = 225 : JsJOO, 
or 9 : 8 = 9 : 8. 

420. We shall observe lastly, that if two products are equals 
ad = 6/*^ we may reciprocally convert this eiiuality into a geo- 
metrical projiortion ; for we shall alwa;^ shave one of the factors 
of t|ie first pit)durt, in the same pmportion to one of tlie factors 
of the second product, as the otiier factor of the second product 
is to the other factor of the fii*st pi*o(tuct ; that is, in the present 
case, a : c = ft : (/, or a : 6 ~ c : £^. Let 3x8=4x6, and we 
may form fi*om it tiiis proportion, 8 : 4 ^ G : 3, or this, 3:4 = 
6 : 8« Likewise, if 3 x 5 — I x ISi^-we shall have 

3 : 15 = 1 : 5, or 5 : I = 1 5 : 3, or 3 : 1 = 15 : 5. 



CHAPTER Vm. 

Ohervations on ilu Rules of Proportion and their uiUitij* 

■ 

421. This theoiy is so useful in the occurrences of common 
life, that scarcely any person can do without it. I'here is always 
a propoi*tion bet^^een prices and commodities ; and when differ- 
ent kinds of money are the subject of exchange, the whole con- 
sists in determining their mutual relations. The examples^ 
furnished by these reflections, will be very pro|)er for illustrating 
the principles of proportion, and shewing their utility by the 
application of them. 

42^. If we wished to know, for example, the relation between 
two kinds of nnmey ; suppose an old louis d'or and a ducat ; we 
must first know the \alue of those pieces, when compared to 
others of the same kind. Thus« an old louis being, at Berlin^ 
vrorth 5 rix dollars^ and 8 drachms, and a ducat being worth 
d rix dollars, we may reduce these two values to one denomina- 
tion ; either to rix dollars^ which gives the proporti^in 1 L : 1 D 

^The rix dollar of Germany is valued at 92 cents 6 miils, and a drachm is 
one tventy-fourth part of a rix dollar. 
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= 5^ R : 3 R9 or = 16 : 9 ; or to drachms, in which case we 
have 1 L: 1 D=128:72=:16:9. These proportions evi- 
dently give the true relation of the old louis to the ducat; for 
the equality of theprf>ducts'of the extremes and the means gives^ 
ill both» 9 louis = 16 ducats ; and, by means of this comparison^ 
we may change any sum of old louis into ducats, and vice versa. 
Suppose it were required to tell how many ducats there are in 
1000 old louis, we have this nile of three* if 9 louis are equal 
to 16 ducats, what are 1000 louis equal to ? The answer will be 

irrr^ ducats. 

Iff on the contrary, it were required to find how many old 
louis d'or there are in 1000 ducats, we have the following pro- 
portion. If 16 ducats are equal to 9 louis; what are 1000 
ducats equal to ? JhtsweVf 5%^2.\ old louis d'or. 

4?3. Here, (at Petersbui*g,) the value of the ducat varies^ 
and depends on the course of exchange. This course determines 
the value of the ruble in stivers, or Dutch half-pence, 105 of 
which make a ducat. 

So that ^ hen the exchange is at 45 stivers, wcj have this pro- 
portion, 1 ruble : 1 ducat = 45 : 105 = 3 : T ; and hence this 
equality, 7 rubies = 3 ducats. 

By this we shall find the value of a ducat in rubles ; for 3 
ducats : 7 rubles = 1 ducat :...•• Jtiswer^ 2^ rubles. 

If the exchange were at 50 stivers, we should have this pro- 
portion, 1 ruble : 1 ducat = 50 : 1.05=: 10 : 21, which would 
give 21 rubles = 10 ducats ; and we should have 1 ducat = 0^-^ 
rubles. Lastly, wheti the exchange is at 44 stivers, we have 1 
ruble : 1 ducat = 44 : 105, and consequently 1 ducat = £^^ 
rubles = 2 ruides SS^j copecks.* 

424. It follows from this, that we may also compare different 
kinds of money, which we have frequently occasion to do in bills 
of exchange. Suppose, for example, that a person of this place 
has 1000 rubles to be paid to him at Berlin, and that he wishes 
to known the value of this sum in ducats at Berlin. 

The exchange is here at 47|« that is to say, one ruble makes 
47| stivers. In Holland, 20 stivers make a florin ; 2| Dutch 
florins make a Dutch dollar. Further, the exchange of Holland 

* A copeck is -^ part of a ruble, as is easily deduced from the above^. 
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-with Berlin is at 143, that is to say, for 100 Dutch diiUars, 142 
dollars are paid at Berlin. Lastly, the ducat is worth 3 dollars 
at Burlin. 

425. To resolve the questions proposed, let us proceed step 
4y step. Begiuning therefore with the stivers, since 1 ruble = 
4*^ stivers, or 2 rubles = 95 stivers, we shall have 2 rtililes : 93 
Btirers = 1000 : . . . . Mswer, 47500 stivers. If we go fur- 
ther and say 20 stivei's : 1 0onn = 4*500 stivers : , , . . we HJiall 
thave 3375 florins. Further, S^ florins = l Dutch dollar, or 5 
0orins = S Dutch dollars ; we shall therefore have S florins ; S 
Dutch dollars = 2375 florins:.... Answer, 950 Dutrh dollars. 
Then taking the dollars of Berlin, according to the exchange 
at 142, we shall have 100 Dutch dollai-s : 142 dollars = 950 : 
the fourth term, 1349 dollars of Berlin. Let us, lastly, pass 
to the ducats, and say S dollars : 1 d icat = 1S49 dollars : , . . , 
Answer, 449| ducats. 

446. In ordei- to render these calculations still more complete^ 
let us suppose that the Berlin banker refuses, under some pre- 
text or other, to pay this sum. and to accept the bill of exchange 
without five per cent, discount ; that is, paying only 100 instead 
of 105. In that case, we must make use of the following pro- 
IKirtion ; 105 : 100 = 449^ : a fourth term, which is 438J^ 
ducats. 

427. We have shewn that six operations are necessary, in 
making use of the Rule of Three ; but we ran greatly abridge 

I tliose calculations, by a rule, which is called the Rule of Reduc- 
pan. To explain this rule, we shall first consider the two 
hntecedcnts of each of the six operations. 
' I. 2 rubles : 95 stivers. 

[ IL 20 stivers : 1 Dutch Uor, 

' III. 5 Dutch flor. : 2 Dutch doll. 

' IV. 100 Dut< h doll. : 142 dollara. 

* V. 3 dollars : 1 Ducat. 

VI. 105 ducats : 100 ducata. 

' If we now look over the preceding calculations, wc shall ob- 
serve, that we Irnvc always multiplied the given sum by (be 
second terms, and that we have divided the products by the 
first; it i3e¥identtbereforc» that we shall arrive at the same 
Eul. Ms- 13 
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results, by tnultiplying, at once, the sum proposed by the pro- 
duct of all the second terms, and dividing by the product of all 
the first terms. Or, which amounts to tlie same thingy that wo 
have only to make the following proportion ; as the product of 
all the first terms is to tlie product of all the second teroM, 90 is 
the given number of rubles to the number of ducats payable at 
Berlin. 

428. This calculation is abridged still more, when amongst 
the first terms some are found that have common divisors with 
some of the second terms ; for, in this case, we destroy those 
terms, and substitute the quotient arising from the division by 
that common divisor. The pi*eceding example wiU^ in this 
manner^ assume the following form.* 

195^ stiv. 1000 rubles. 
1 Dutch flor. 
A Dutch dollars. 
142 dollars. 

y I ducat. 
/jUlfji ducats. 



Rubles /. 

I- 

100. 






2698 = 10^:— 



7) 26980. 
9) 3854 (2 

428 (2. Jinswer, 428|| ducats. 

429. The method, which must be observed^ in using the rule 
of reduction, is this ; we begin with the kind of money in quels- 
tion, and compare it with another, which is to begin the next 
relation, in which we compare this second kind with a thirds 
and so on. Each relation, therefore, begins with the same kind^ 
as the preceding relation ended with. Tliis operation is- con- 
tinuexl, till we arrive at the kind of money which the answer 
requires ; and, at the end, we reckon the fractional remaindwa. 



* Divide the Ist and 9th by 2, the 3d and 12th by 20, thj^ 5th and 12tk 
(which is now 5) \>f 5, also the 3d and 11th by 5. 
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430. Other examples are added to facilitate the practice of 
this calculation. 

if ducats gain at Hamburg 1 per cent, on two dollars banco ; 
that is to say, if 50 ducats are worth, not 100, but lOl dollars 
banco ; and if the exchange between Hamburg and Konigs- 
berg is 119 drachms of Poland ; that is,, if 1 dollar banco gives 
119 Polish drachms, how many Polish florins will 1000 ducats 
give? 

30 Polish drachms make 1 Polish florin. 
Ducat 1 : t doll. B°. 1000 due. 



^,50 

1 

30 



101 doll. B^ 
119 Pol. dr. 
, 1 Pol. flor. 



15jj^ : U019 = IC^duc. 



3)120190. 
5) 40063 (1. 

80 1 2 (3. Jlwfver^ 801 2| P. fU 

431. We may abridge a little further, by writing the number, 
which forms the third term,, above the second row ; for then the 
product of the second row, divided by the product of the first 
row, will give the answer sought. 

Question. Ducats of Amsterdam are brought to Leipsick^ 
having in the former city the value of 5 flor. 4 stivers current ; 
that is to say, 1 ducat is worth 104 stivers, and 5 ducats are 
worth 26 Dutch florins. If, therefore, the agio of the bank^ at 
Amsterdam is 5 per cent., that is, if 105 currencjr are equal to 
100 banco, and if the exchange from Leipsick to Amsterdamy 
in bank money, is 33^ per cent that is* if for 100 d* JIars we 
pay at Leipsick 13S^ dollars; lastly, 2 Dutch dollars making 
5 Dutch florins; it is required to find how many dollars we 
must pay at Leipsick, according to these exchanges, for 1000 
ducats! 

• The difference of value between bank money and current money. 
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ducats. 



/■m 



Ducats 




21 : S) 55432 (L 



26 flor. Dutch curr. 
4f ff, KPiflor. Dutch banco. 
533 dolL of Leipsick. 
d dolL banco. 



7) 18477(4. 
2639. 

Answer, 2639|4 dollars^ or 2639 dollars and 15 drachmSb 



CHAPTER IX. 

Of Compound Relations, 

432. Compound relations are obtained^ by multiplying the 
terms of two or more relations* the antecedents by the antece- 
dents, and the consequents by the consequents; we say theoy 
that tlie relation between those two products is compounded o{ 
the relations given. 

Thus, the relations a : &, c: d, e i f, give the compound rda- 
tion ace :b df.^ 

433, A relation continuing always the same, when we divide 
both its terms by the same number, in order to abridge it, we 
may greatly facilitate the above composition by com)>aring the 
antecedents and the consequents^ for the purpose of making 
such reductions as we performed in the last chapter. 

For example, we find the compound relation of the fiollowiiqg; 
given relations, thus ; 

"^ Each of these three ratios is said to be one of ti^e f^u of the «oiDpoimd 
ratio. 
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Bdations given, 
1£ : 25, ^S : SS^ and 55 : 56. 



'-J^t 



2 : 5. 
So that 2 : 5 is the compound relation required. 

434. The same operation is to be performed, when it is re- 
quired to calculate generally by letters ; and the most remark- 
able case is that, in which each antecedent is equal to the 
consequent of the preceding relation. If the i^ven relations are 

a : h 
h : c 
c : d 
Alt 
e : a 
the compound relation is 1 : 1. 

485. The utility of these principles will be perceived, when 
it is observed, that the relation between two square fields is 
compounded of the relations of the lengths and the breadths. 

Let the two fields, for example, be A and B ; let A I«ave 500 
feet in length by 60 feet in breadth, and let the length of B be 
360 feet, and its breadth 100 feet ; the relation of the lengths 
will be 500 : 360, and that of the breadths 60 : 100. So that 
we have 

^'' 5 : 6, 

5 : 6 
Wherefore the field A is to the field B, as 5 to 6. 

436. Another example. Let the field A be Tdl feet long, 88 
feet broad ; and let the field B be 660 feet long, and 90 feet 
broad ; the relations will be compounded in the following man- 
ner. 

Relation of the lengths, 'm, 8 : 15 ffjffff^ 

Relation of the breadths, /T /* ^ • fr 

Relation of the fields A and B, 16 : 15. 
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437. Further^ if it be required to compare two chambers with 
respect to the space, or contentsy we observe that tbat relation 
is compounded of three relations ; namely, of that of the 
lengths, tliat of the breadths* and that of the heights. Let there 
be, for example, the chamber A, whose length = 36 feet, breadth 
= 16 feet, and height =14 feet, and the chamber B, whose 
length = 42 feet, breadth = 24 feet, and height = 10 feet ; we 
•hall have these three relations ; 

For the length ^j ff : /,«. 
For the breadth ^^2 : /»^ 
For the height 1^2 : 5,Jj^ 

4 : 5 

So that the contents of the chamber A : contents of the cham- 
ber B, as 4 : 5. 

4S8. When the relations, which we compound in this manner, 
are equal, there result multiplicate relations. Namely, two 
equal relations give a duplicate ratio or ratio of the squares; 
three equal relations produce the triplicate ratio or ratio of the 
cubes, and so on, for example, the relations a : b and a : 6 give 
the compound relation aa :bb; wherefore we say, that the 
squares are in the duplicate ratio of their roots. And the ratio 
a : b multiplied thrice, giving the ratio a' : 6', we say that the 
cubes are in the triplicate ratio of their roots. 

439. Greometry teaches, tliat two circular spaces are in the 
duplicate relation of their diameters ; this means, that they are 
to each other as the squares of their diameters* 

Let A be a circular space having the diameter = 45 feet, and 
B another circular space, whose diameter = 30 feet ; the first 
space will be to the second, as 45 x 45 to 30, x 30; or» com* 
pounding these two equal relations, 

i/r/,l ; ly!p. 

9 : 4. 
Wherefore the two areas are- to each other as 9 to 4. 

440. It is also demonstrated, that the solid contents of spheres 
are in the ratio of the cubes of the diameters, Thas^ the diame- 
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«r of a {;Iobe A9 being 1 foot^ and the diameter of a globe B^ 
leing 2 feet, the solid contents of A wiU be to those of Bf as 
l» : 2» ; or, as 1 to 8. 

If therefore, the spheres are formed of the same substancep 
the sphere B will weigh % times as much as the sphere A. 

441. It is eviclent, that we may, in this manner, find tho 
vrcight of cannon balls^ their diameters^ and the weight of one^ 
being given. For'example^ let there be the baU A9 whose 
diameter = 2 inches, and weight = 5 pounds ; and, if the 
weight of another ball be required, whose diameter is 8 inches^ 
we have this proportion, £^ : 8' = 5 to the fourth term, 320 
pounds, which gives the weight of the ball B. For another ball 
C5 whose diameter =15 inches, we should have, 

2« : 15» = 5 : ... .Answer, 2I09| lb. 

a c 

442. When the ratio of two fractions, as -r : t-9 is requir* 

a 

ed, we may always express it in integer numbers | for we have 

only to multiply the frafctions by b d, in order to obtain the 

ratio ad :bCf which is equal to the other ; from which results the 

o, c 
proportion -^ : ^ = a d : 6 c. If, therefore, ad and b c have com- 
d 

mon divisors, the ratio may be reduced to less terms, Thus^ 

Jf : If = 15 X 36 : 24 X 25 = 9 : 10. 

443. If we wished to know the ratio of the fractions — and -r , 

a 

it is evident, that we should have — : -^ = ft : a ; which is ex- 
pressed by saying, that two fractions, which have unity for their 
numerator, are in the reciprocal, or inverse ratio of their denomi* 
nators. The same may be said of two fractions, which have any 

c c 
common numerator; for — : -- = 6:0. But if two fractions have 

a b 

their denominators equal, as — : — , they are in the direct ratio of 

c c 

the numerators ; namely, as a : 6. Thus, -y : ^V = tV ' tV = ^ '• 3 
= 2:1, and V • V = ^^ • 1^, or, = 2:3. 

444. It is observed^ that in the free descent of bodies^ a body 
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falls 15"^ feet in a second, that in two seconds of time it falls 
64 feety and that in tliree seconds it falls 144 feet ; hence it is 
concluded, that the heights are to one another as the squares 
of the times ; and that, reciprocally, the times are in the sub- 
duplicate ratio of the heights, or as the square roots of the 
heights. 

K, therefore, it be required to find how long a stone must 
take to fall from the height of 2S04 feet ; we have 16 : 2304 = 1 
to the square of the time sought So that the square of the time 
sought is 144 ; and, consequently, the time required is 12 seconds. 

445. It is required to find how far, or through what heightf 
a stone will pass, by descending for the space of an hour ; that 
is, 3600 seconds. We say, therefore, as the squares of the times, 
that is, 1 * : 3600> ; so is the given height = 16 feet, to the 
height required. 

1 : 12960000 = 16 : . . . . 207360000 height required. 
16 



77760000 
1296 



2073b0000 

If we now reckon 1 9200 feet for a league, we shall find this 
height to be 10800 ; and, consequently, nearly four times greater 
than the diameter of the earth. 

446. It is the same with regard to the price of precious stones, 
which are not sold in the proportion of their weight ; every 
body knows that their prices follow a much greater ratio. The 
rule for diamonds is, that the price is in the duplicate ratia of 
the weighty that is to say, the ratio of the prices is equfd to the 
square of the ratio of the weights. The weight of diamonds is 
expressed in carats, and a carat is equivalent to 4 grains ; if^ 
therefore, a diamond of one carat is worth 10 livres, a diamond 
of 100 carats will be worth as many times 10 livres, as the 
square of 100 contains 1 ^ so that we shall have, according to 
the rule of three, 

* 15 is used in the original, as expressing the descent in Paris feet. It is 
here altered to English feet 
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1« : 100« =3 10 livres, 
or 1 : 10000 = 10 : . . . . Mswer, 100000 livres, " 
There is a diamond in Portugal, which weighs 1680 carats ; its 
price will be found, therefore, by making 
1« : 1680« = 10 liv : . . . . or 
1 » : 2822400 = 10 : 28224000 liv. 
447. The posts or mode of travelling in France furnish exam- 
ples of compound ratios, as the price is according to the com- 
pound ratio of the number of horses, and the number of leagues, 
or posts* For example, one horse costing 20 sous per post, it 
is required to find how much is to be paid for 28 horses and 4^ 
posts. 

We write first the ratio of horses, 1 : 28, 

' Under this ratio we put that of the stages or posts, 2 : 9, 



And, compounding the two ratios, we have 2 : 252, 

Or, 1 : 126 = 1 livre to 126 francs or 42 crowns. 
Another qaeslixm. If I pay a ducat for eight horses, for S ^ 

German miles, how much must I pay for thirty horses for four 

miles ? The calculation is as follows : 



1 be caicuiatipn is i 



1 . : 5, = 1 ducat : the 4th term, which will be 

5 ducats. 
448. The same composition occurs, when workmen are to be 
paid, since those payments generally follow the ratio compound- 
ed of the number of workmen, and that of the days which they 
have been employed. 

If, for example, 25 sous per day be given to one mason, and 
it is required to find what must be paid to 24 masons who have 
worked for 50 days ; we state this calculation j 
1 : 24 
1 : 50 



1 : 1200 = 25 : . . : • 1500 francs. 
25 



20)30000(1500. 

Eul. Mg. * 19 
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As, in such examples, five things are glven^ flie rule^ which 
serves to resolve them^ is sometimes called^ in books of iirith- 
metic^ The Role of Five. 



CHAPTER X. 

Of Oeemehical FrogruMMm 

449. A 8ESIS8 of numbers^ which are always becoming a 
certain number of times greater or less, is called a geanuMeal 
progression, because each term is constantly to the following one in 
the same geometrical ratio. And the number which expresses 
how many times each term is greater than the preceding, is 
called the exponent. Thus, when the first term is 1 and the 
exponent = 2, the geometrical progression becomes^ 

Terms 1S34567 89 &C 
Frog. 1, .2, 4, 8, 16^ 32, 64, 128, 256, &c. 

the numbers 1, 2, 3, &c« always marl^ing the place which each 

term holds in the progression. 

450. If we suppose, in general, the first term = Of and tlie 
exponent = b, we have the following geometrical progression ; 

1, 2, 3, 4, 5, 6, 7, 8 • • • • n 
Vrogn a, abf a 6*, ab^, aft*, aft', aft*, ab^ • • . • a ft*"*. 
So that, when this progression consists of n terms, the last^ 
term is = a ft^^. We must remark here, that if the exponent Im 
be greater than unity, the terms increase continually ; if the ex- 
ponent ft = 1, the terms are all equal ; lastly^ if the exponent fr 
be less than 1, or a fraction, the terms continually decrease. 
Thus, when a = 1 and ft = ^, we have this geometrical progres - 
sion ; 

h h h h tV> TS9 TZ9 rrw9 *c* 

451. Here therefore we have to consider ; 

I. The first term, which we have called a. 
IL The exponent, which we call ft. 

III. The number of terms, which we have expressed by n. 

IV. The I^t term, which we have found = a ft*""\ 

So that, when the three first of these are given, the last term is 



grass 

Fa 
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prid, by multiplying the n — I power of b, or 6"''* by the first 
D a. 

', therefore^ tbo 50tb term of the geometrical progression 

S> 4, 6, &c. were required, we should have a = 1, 6 = 2, and 

= 50 J consequently the 50th term = 9*'. Now 2' being = 512; 

' will ho = 1024. Wherefore the square of a", or £**,= 

"1048576. and the square -f this number, or 109951 1627776 = 

2**. Mulliplying therefore this value of 2** by Si*, or by 512, 

we hare 2*" equal to 562949953421313. 

452. One of the principal questions, which occurs on this 
subject, is to find the sum of all the terms of a geometrical pro- 
; we shall therefore explain the method of doing this, 
t there be gireui first, the following progression, consisting of 
I terms; 

1, 2, 4, 8, 16, ^2, 64, 128, 256, 512, 
the sum of which we shall represent by s, so that « = 1 + 2 + 
4 + 8 + 16 + 32 + 64 + 128+256 + 512; doubling both sides, 
we shall have 2 S = 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 
SIS + 1024. Subtracting from this the progression represented 
by s, there remains s = 1024 — 1 =: 1023 ; wherefore the sum 
^^n^uired is 1023. 

^b 433. Suppose now, in the same progression, that the number 
^Bi^ terms is undetermined and = r, so that the sum in queslioa, 
^Sr J, = I + a + 2" + 2^ + 2* . . . . S"-'. If wc multiply by 2, 
we have 2s = 2 + S' + 2* + 2* . . ,, 2", and subtracting from 
this equation the preceding one, we have s = 2".— 1. Wc see, 
therefore, that the sum required is found, by multiplying the last 
term, 2 "~', by the exponrut 2, in order to have 2", and subtract- 
ing unity from that product, 

454. This is made still more evident by the following exam- 
ples, in which we substitute successively, for n, tlio numbers l, 2, 
3,4, &c. 

»1 = 1 ; I +2 = 3 ; I +2 + 4 = 7 ; 1+2 + 4 + 8=15; 
1 +2 + 4 +8 + 16 = 31/ 1+2+4 + 8 + 16 + 32 = 63, &C. 
455. On this subject the following question is generally pro- 
posed. A man ofTers to sell his horse by the nails in his shoes, 
which are in number 32 ; he demands 1 liard for the first nail. 
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2 for the second, 4 for the third, 8 for the fourth^ and so on, de- 
manding for each nai} twice the price of the preceding. It is 
required to find what would be the price of the horse? 

This question is evidently reduced to finding the sum of all 
the terms of the geometrical progression 1, 2, 4, 8, 16, &c. con- 
tinued to the 3£d term. Now this last term is 2^ ^ ; and^ as we 
have already found 2*® = 1048576, and 2*<> = 1024, we shall 
have 22 x 2*^ =2»^ equal to 1073741824; and multiplying 
again By 2, the last term 2^* = 2147483648 ; doubling there- 
fore this number, and subtracing unity from the product, the 
sum required becomes 4294967^295 lia'rds. These liards make 
107374 1823| sous, and dividing by 20, we have 53687091 livres, 

3 sous, 9 deniers for the sum required. 

456. Let the exponent now be » 3, and let it be required to 
find the sum of the geometrical progression 1, 3, 9, 27, 81, 243^ 
729, consisting of 7 terms. Sup|>ose it = $, so that 

S = 1 + 3 + 9 + 27 + 81 + 243 + 729 ; 
we shall then have, multiplying by 3, 

3 s = 3 + 9 + 27 + 81 + 243 + 729 + 2187 ; 
and subtracing the preceding series, we have 2 « = 2187 — 1 = 
2186. So that the double of the sum is 2186, and consequently 
the sum required = 1093. 

457. In the same progression, let the number of terms = 9i, and 
the sum =55 so that s = 1 + 3 + 3* + 3^ +3* + . . . . 3""^ 
If we multiply by 3, wp have 3 s = 3 + 3* + 3^ + 3* + . . . . 3 «. 
Subtracting from this the value of 5, as all the terms of it, 
except the first, destroy all the terms of the value of 3 s, except 

3"^— 1 

the last, we shall have 2s=s3" — 1: therefore s = . So 

2 

that the sum required is found by multiplying the last'term by 

3, subtracting 1 from the product, and dividing the remainder 

by 2. This will appear, also, from the following examples ; 

5v27_1 
1+3+9+ 2r= -— = 40; 1 + 3 + 9 + fir + .81 = 

'2^^h± = 121. 

2 
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458* Let us now suppose, generaUj, the finri; term = a^ the 
exponent = b, the number of terms = fh and their sum = Sf so 
that 

8=iaz=:ab + ab* +afr« +ab* +. .. .ab^\ 
If we multiply by 6, we have 

bs^zab + ab^ + ab^ + ab^ + ab' +. . • • a 6% and subtract- 
ing the above equation, there remains (6-^l) «=rfl6* — a; 

whence we easily deduce the sum required s = -^ r . Cowsf- 

qi^entliff the sum of any geometrical progression is found by mtdtU 
plying the last term by the exponent of the progressioUf subtracting 
the first term from the product, and dividing the remainder by the 
exponent minus unity. 

459. Let there by a geometrical progression of seven terniB, 
> of which the^first = S^ and let the exponent be = 2j we shall 

then have a = 3, ft = 2, and n = T ^ wherefore the last term = 
3 X 2*, or 3 X 64 = 192; and the whole progression will be 

S, 6, 12, 24, 48, 96, 192. 

Further, if we multiply the last term 192 by the exponent 2, 
we have 384; subtracting the first term there remains 381 ; 
and dividing this by & — 1^ or by 1, we have 381 for the sum of 
the whole progression. 

460. Ajs^ain, let there be a geometrical progression of six 
terms ; let 4 be the first, and let the exponent be = |. The 
progression is 

A ^ Q 37^8 1 S4S 

If we multiply this last term ^^^ ^Y ^h® exponent |, we shall 
have Yt ; the subtraction of the first term 4 leaves the remain- 

der Y/> which divided by 6 — I = ^, gives ^l* = 83J., 

461. When the exponent is less than 1, and consequently, 
' when the terms of the progression continually diminish, the sum 

of such a decreasing progression, which would go on to infinity, 
may be accurately expi*essed. 

For example, let the first term = 1, the exponent = |, and 
the sunr = s, so that 

« = I + ^ + i + i + TT + iV + tV + &c. 
ad infinitum. 



> - 
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If we midtiply by S, we have 

a4 itofinituni. 

Andf subtracting tbe preceding pregressionf there remains 
s-s 2 for the sam of the proposed infinite progression. 

462. If the first term == 1^ tbe exponent = ^, and the sam 
s; so that 

s= I +^ + l +'ij +j\ + &C. ad infinitum. 

Multiplying the whole by Sf we have 

S8^S + l+:^ + ^ + -^j + fKC.9ii infinitum ; 
and subtracting the value of 8, there remains 2 « = S ; wherefore 
the sum 8 = 1|. 

463. Let there be a progressioHf whose sum = s, first term 
ss S, and exponent = | ; so that 8==^ + ^+^ +^i + -f^ + 
&jc» ad infinitum. 

Multiplying by |, we have^« = | + 2 + | + | + |J+^i 
+ &G. ad infinitum. Subtracting now tbe progression s, there 
remains ^ « = 4 ' wherefore the sum required = 8. 

464. If we suppose, in general, the first term =s a, and the 

exponent of the progession = — , so that this fraction may be 

less than 1, and consequently c greater than 6; the sum of tha 

progression carried on, ad infinitum^ will be found thus ; 

. - , , ab ab* ab^ ab^ . 

Make » = a+— + — + .--.+ __.j.&c. 

c cc » ' c* 

Multiplying by — , we shall have 

b ab ab^ ab* ab^ . a it ^ 
— «= — H — r- -J — r- + — r + &c. ad infinitum, 
c c c* c^ c* 

And, subtracting this equation from the preceding, there re- 
mains (1 )8=za. 

Consequently s = , ■ 

c 
If we multiply both terms of this fraction by c, we have 

ac ^ 

s^ — , The sum of the infinite geometrical progression 
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pro|>08ed is* tlierefare, found hy dividing the first term a by 1 
minus tlie exponent, or by multiplying t)ie first term a by tbe 
denominator nf tbe exjutient, and dividing tbe product by tbe 
same denomiiintor diminisbed by tbe numerator of tbe exponent 

465. In the siinie manner, we find tbe sums of progressions, 
tke terms uf which are alternately afiected by tbe signs + and 

Let for example, 

ab ab' ab^ ab* , 
■=" — 7- +75 ^+"^4 *"• 

fenltiplying by — , we have 

*. _1* "** a 6' ab* . 

Ifidt adding to this equation to the preceding, we obtain (1 4--:)* 
ko. Whence we deduce tbe sum required s = y"TT' *""* ~ 

t + b- 

466. We see, then, tbat if the Brat term a = -J, and the expo- 
nent = f • that is to say, b=2 and c = 5. we shall find the sum 
of tbe progression | + 5*^ + ^^^ + ^^^ 4- &c. = l ; since, by 
subtracting the exponent train I, Ibeie remains |, and by divid- 
ing tbe fii-st term Uy that remaindei'. the quotient Is l. 

Further, it is evident, if Ihe terms he alternately positive antl 
negative, and the pr-ogression a.<<sume this form ; 

I' I — s J + TsV — ?*a T + *"^- 

^^Uie sum will be 

^1 Th 



1 + 6 



l46r, Another example. Let there be proposed tbe infinite 



The first term is here -^^r and tlie expntient is ■^■^. Snblract- 
Big this last from 1, there remains -j'^. and, if we divide tlio 
first term by this fraetion, we have ^ fm- the sum of Ihe given 
progression- So tbat taking only one term of the progression, 
namely ^V* ^^^ error would be -fj. 
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Taking two terms ^ + ^^^ = ^y^, there would still be 
wanting ^^ to make the sum = 4* 

468. Mother example. Let there be given the infinite pro- 
gression^ 

The first term is 9^ the exponent is y\^. So that 1^ minus the 

9 
exponent^ = ^'^ ; and X = 10 the sum rjequired. 

This series is expressed by a decimal fraction^ thus 999999999f 
&c. 



CHAPTER XI. 

Of Infinite Decimal Fradiom. 

469. It will be very necessary to shew ho\f a vulgar fraction 
may be transformed into a decimal fraction ; and, conversely^ 
how we may express the value of a decimal fraction by a vulgar 
fraction. 

470. Let it be required, in generalf to change the fraction -r-, into 

a decimal fraction ; as this fraction eccpresses the quotient of the 
division of the mimeraior a by the denominator h, let v^ write, 
instead of vl, the quantity ayOOOOOOOi whose value does tiot at all 
differ from that of a, since it contains neither tenth parts, nor hun- 
dredth parts, ^c. Let u^ iurw divide this quantity by the number b, 
according to the common rules (f division, observing to put the point 
in the proper place, which separates the decimal and the integers. 
This is the whole operation^ which we shall illustrate by some 
examples. 

Let there be given first the fraction ^, the division in deci- 
mals will assume this form, 

2) 1,0000000 _ 1 
0,5000000 ■" J* 

Hence it appears^ that | is equal to 0^5000000 or to 0,5 ; 
which is sufficiently evident^ since this decimal fraction repre- 
sents -/^^ which is equivalent to |. 
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471* Let I be the given fraction^ and we have^ 

3) 1,0000000 _1^ 
0,5333333 *^* — 5 • 

This shewSf that the decimal fraction^ whose value is = 4, 
cannot^ strictly^ ever be discontinued^ and that it goes on ad 
infinitam^ repeating always the number 3. And, for tliis reason^ 
it has been already shewn^ that the fractions ^% -f ^|^ + -j-^j^ 
+ TTrlinr ^' ^^ infinitum^ added together, make |. 

The decimal fraction, which expresses the value of -f, is also 
continued ad infinitum ; for we have, 

3) 2,0(X)0000 ^> _£ 
0,6666666 3* 

And besides, this is evident from what we have just said, 
because | is the double of -I* 

472. If ^ be the fraction proposed, we have 

4) J,0000000 ^ _ 1 

0^500000 • "" T 
80 that I is equal to 0,1^500000, or to 0,25 ; and this is evi- 
dent, since ^V + ^U = tA = i* 
In like manner, we should have for the fraction |, 

4) 3,0000000 _ 3 
07500000 "" 4"* 
80 that I = 0,75 5 and in fact j\ + ttit = tVV = i- 
The fraction | is changed into a decimal fraction, by making 

4)5^0000000 _ 5 
1,2500000 ■" 4* 

Nowl+^Vir=f 

473. In the same manner, | will be found equal to 0,2 ^ | = 

0,4; 1 = 0,65 $ = 0,8; | = 1; f = 1,2, &c. 

When the denominator is 6, we find ^ = 0,1666666, &c. which 
is equal to 0,666666 — 0,5. Now 0,666666 = |, and 0,5 == |, 
Wherefore 0,1666666 = | — ^ = |. 

We find, also, f = 0,333333, &c. = | ; but | becomes 
0,5000000 = |. Further, f = 0,833333 = 0,333333 + 0,5, 
that is to say, | + 1 = {^. 

474. When the denominator is 7, the decimal fractions be- 
come more complicated. For example, wo find | = 0,142857, 
however it must be observed, that these six figures are repeated 

EuL Mg. 20 
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continuallj'. To be convinced, therefore, that this decimal 
fraction precisely expresses the value of -ff we may transform it 
into a geometrical progression, whose first term is = ^^^j^^^ 
and the exponent .= finnnnnry <^^> consequently^ the sum 

(art. 464)= iVoVoVo (multiplying both terms by 1000000) 

— \4%BB7 1 

475. We may prove, in a manner still more easy, that the 
decimal fraction which we have found is exactly = y ^ ^^^ ^^^'^ 
stituting for its value the letter s, we have 

8 = 0, 142857142857 14£85r, &C. 

10 s = 1, 42857142857142857, &C. 

100 « = 14, 2857142857142857, &C. 

1000 s = 142, 857142857142857, &C. 

10000 8 = 1428, 57142857142857, &C. 

100000 8 = 14285, 7142857142857, &C. 

1000000 8 = 142857, 142857142857, &C. 

Subtract « = 0, 142857142857, &c. 



999999 8 = 142857. 

And, dividing by 999999, we have 8 = |4f |4J = 4- Where- 
fore the decimal fraction, which was made = s, is = ^ 

476. In the same manner 4 may be transformed into a deci- 
mal fraction, which will be 0,28571428, &c. and this enables us 
to find more easily the value of the decimal fraction which we 
have supposed = 8; because 0,28571428 &c. must be the doable 
of it, and, consequently, = 2 5. For we have seen that 

100 8 = 14,28571428571 &C. 

So that subtracting 2 5= 0,28571428571 &c* 

there remains 98 s = 14 
wherefore 5 = |~} = 1., 

We also find 4 = 0,42857142857 &c. which, according to our 
supposition, must be = 3 8 ; now we have found that 

10 s = 1,42857142857 &C. 
So that subtracting 3 s = 0,42857142857 &c, 

we have 7 s = 1, wherefore s = |, 



^'- 
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477. When a proposed fraction, therefore, has the donoroina* 
tor T, the decimal fhiction Is infinite, and 6 figures are con* 
tinually repeated. The reason is, as it is easy to perceive, that 
when we continue the division we must return, sooner or later, 
to a remainder Mfhich we have bad already. Now, in this diris- 
ion, 6 difierent numbers only can form the remainder, namely, 
1, 2, d, 4, 5, 6 ; so that, after the sixth division, at furthest, the 
same figures must return ; but when the denominator is such as 
to lead to a division without remainder, these cases do not 
happen. 

478. Suppose, now, that 8 is the denominator of the fraction 
proposed ; we shall find the following decimal fractions ; 

i = 0,125 ; f = 0,25,- I = 0,375 ,• 4 = 0,5 ; 4 = 0,625 5 
I = 0,75 ,• i = 0,875 ; &c. 

If the denominator be 9, we have ^ = 0,111 &c. J = 0,222 
&c. I = 0,333 &c. 

If the denominator be 10, we ^\ = 0,1 ; ^'^ = 0,2 ; -j.^ = 
0,3. This is evident from the nature of the thing, as also that 

^^ = 0,01 ; that T-VV = 0,37; that ^VtV = 0,256; that ^Vttt 
= 0,0024 &c. 

479. If 11 be the denominator of the given fraction, we shall 
have ^ = 0,0909090 &c. Now, suppose it were required to 
find the value of tliis decimal fraction ; let us call it 5, we shall 
have«= 0,090909, and 10 « = 00,909090; further, 100 « = 
9,09090. If, therefore, we subtract from the last the value of 8, 
we shall have 99 s = 9, and consequently « = ,V = tt- ^® 
shall have, also, ^'^^ = 0,18181 8 &c. ; j\ = 0,272727 &c. ; ^\ = 
0,545454 &c. 

480. There is a great number of decimal fractions, therefore, 
in which one, two, or more figures constantly recur, and which 
continue thus to infinity. Such fractions are curious, and we 
shall shew how their values may be easily found. 

Let us first suppose, that a single figure is constantly repeat- 
•d, and let us represent it by a, so that s = 0,aaaaaaa. We have 

10 s = atuaaaaaa 
and subtracting s = O^aaaaaa 



we have 9 « = a ; wherefore » = ~. 
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When two figures are repeated^ as a 6f we have s rs Ofobdbaba. 
Therefore 100 « = ab9abdbab ; and if we subtract s from it, th^rt 

ab 



rou 



remains 99 s=:ab; consequently $ = 

When three figures, as a 6 c, are found repeated^ we have 
s sa o^abcabcdbc } consequently, 1000 s^abCfObiabc; and sub- 
tract s from itf there remains 999 sz=abc; wherefore a s 

abo , 
~, and so on. 

Whenever, therefore, a decimal fraction of this kind occurs, 
it is easy to find its value. Let there be given, for example, 
a,S96296, its value will be ||| = ^^^^^^^^^K ^^^^ ^^^^^ by 27. 

This fraction ought to give again the decimal fraction pro- 
posed ; and we may easily be convinced that this is the real 
result, by dividing 8 by 9, and then that quotient by S, because 
27 =: 3 X 9. We have 

9) 8,0000000 
^ 3) 0,8888888 

0,2962962, &C. 

which is the decimal fraction that was proposed. 

4j^l. We shall give a curious example by changing the frac- 
tion r—T? — s — 5 — s — s — 5— s — rt :;; » into a decimal fras- 

1 X2x3x4x5x6x7x8x9x 10' 

tion* The operation is as follows. 

2) 1,00000000000000 

3) 0,50000000000000 

I ■! ■ M l I — — — — — —i— — 

4) 0,16666666666666 ^ 
d) 0,04166666666666 

6) 0,00833333333333 

7) 0,00138888888888 
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8) 0500019841269841 

9) 0,00002480158730 
10) 0,00000275573192 

0,00000027557319. 



SECTION IV. 



OF ALGSBRAIO BqUATIOKS, AND OF THE RESOLUTIOV OF THOSE 

EqUATIONS. 



CHAPTER I. 

Of the Sdutum <f Problems in generoL 

AHTICLE 482. 

X HE principal object of Algebra, as well as of all the parts 
of Matbematicsy is to determine the value of quantities which 
were before unknown* This is obtained by considering atten- 
tively the conditions given, which are always expressed in 
known numbers. For this reason Algebra has been defined. 
The science which teaches how to determine unknown quantities by 
means of known q'lianiities, 

483. The definition, which we have now given, agrees with all 
that has been hitherto laid down. We have always seen the 
knowledge of certain quantities lead to that of other quantities^ 
which before might have been considered as unknown. 

Of this, addition will readily furnish an example. To find 
the sum of two or more given numbers, we had to seek for an 
unknown number which should be equal to those known num* 
bers taken together. 

In subtraction we sought for a number which should be equal 
to the difierence of two known numbers. 

, A multitude of other examples are presented by multiplica- 
tion, dirision, the involution of powers, and the extraction of 
roots. The question is always reduced to finding, by means 
of known quantities, another quantity till then unknown. 

484. In the last section also, different questions were resolved, 
in which it was required to determine a number^ that could not 
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+ X and 145 ; that is to saj^ we have the equation 140 -f a? = 
145^ and thence we easily deduce x^6. 
So that the company consisted of 5 men and 15 women. 

487. Another question of the same kind. 

Twenty persons^ men and women, go to a tavern ; the men 
spend 24 florins^ and the women as much ; but it is found that 
each man has spent 1 florin more than each woman. Required^ 
the number of men an^ the number of women ? 

Let the number of men = a?. 

That of the women will be = £0 -« ar. 
Now these x men having spent 24 florins^ the share of each 

man is — florins. 

X 

Further, the 20 — x women having also spent 24 florins^ ^ the 

24 

share of each woman is — florins. 

20 — X 

But we know that the share of each woman is one florin less 

than that of each man ; if, therefore, we subtract 1 from the 

share of a man, we must obtain that of a woman' ^ and conse- 

24 24 

qucntly 1 «= — . This, therefore, is the equation from 

which we are to deduce the value of x. This value is not found 
with the same ease as in the preceding question ; but we shall 
soon see that a? = 8, which value corresponds to the equation ; 
for y *— < 1 = f I includes the equality 2 = 2. 

488. It is evident how essential it is, in all problems, to con- 
sider the circumstances of the question attentively, in order to 
deduce from it an equation, that shall express by letters the 
numbers sought or unknown. After that, tne whole art consists 
in resolving those equations, or deriving from them the values 
of the unknown numbers ; and this shall bo the subject of the 
present section. 

489. We must remark, in the first place, the diversity which 
subsists among the questions themselves. In some, we seek 
only for one unknown quantiy ; in others^ we have to find twof 
or more ; and it is to be observed, with regard to this last case, 
that in order to determine them all, we must deduce from the 
circumstances, or the conditions of the problem, as many equa- 
tions as there are unknown quantities. < 
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" 490. It muat have alreaily been petreiT^d, tliat an equation 
cnnsiflts of two parts separated by the eign of equality, =, to 
shew that those two quantilica are equal to one Hiiother. We 
are often obliged to perfocni a great nuinlier of teans formal ions 
on those two parts, in order to deduce from them the value of 
the unknown quantity ; hut these transformations must ho all 
founded on the following principles ; that itvo qtuniHties remain 
eqjuU, 'Whether we add to them, or subtract from them equal quanti- 
ties ; nvhether we multiply them, or divide t/iein by ilie same nuin- 
her ; rcheilier we raise them both to tlie same power, or extract 
their roots of the same degree. 

491. The equations, which are resolved most easily, are those 
in which the unknown quantity does not exceed the first power, 
after the terms of the equation have been properly arranged j 
and we call them simple eqtiatiom, or equations of the first degree. 
But if, after having reduced and oi'dercd an equation) we find in 
it the square, or tlie second power of the unknown quantity, it 
m ay be called an eqaatitm of the second degree, which is more 

I" 

^^Kf tlit Hesdution of Simple Miptations, or Equations of the first 

K 

^^,493- ^HEiT the number sought, or the unknown quantity, 
represented by the letter x, and the equation we have obtain) 
is such, that one side 'contains only that x, and the other 
a known number, as for example, x = S5, the value of x 
already found. We must always endeavour, therefore, 
arrive at Ruch a form, liowover complicated the equation may 
be when first formed. We shall give, in the courao of tliis 
section, (he rules which serve to facilitate these reductions. 

493. Let us begin with the simplest cases, and suppose, fir'st, 
that we have arrived at the equation :r + 9 = I G ; wo see imme> 
diatcly that a; = r. And, in general, if we have foundx + a 
= 6, where a and b express any known numbers, we have only 

£iU.J}lg. , 21 
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to subtract a irom bofli sides^ to obUun the oquatton a(s=:i«^a, 
which indicates the value of x. 

494. If the equation which we have fovnd is a? -^ a ss bf we 
add a to both j^idcs, and obtain the Tal«e of x ss ft 4. a* 

TVo proceed in the sane manner^ if the equation lias this 
formynr — a = aa-f 1; for we shall have Immediately a^ss 410 
+ 0+1. 

In this equation^JC — 8 a ai£0— -60, wefind xssM— «6a 
+ 8 a, or a; 3: 90 -f S a. 

And in this, a? + 6a=20-f do, wo bare a; = 204. Sa«-« 649 
or a: = 20 — 3 a. 

495. If the original equation has this form» x^^u + hvzCf 
M^ may begin by adding a to both sides^ which will give ol -f 
h^e + a; and then subtractiag b from both sides, w% riiaU 
find a: = c+a — h. But we might also add -f o-^A at once to 
both sides ; by this we obtain immediately jc s c + « -— !• 

So in the following examples, 
Ifo^i— 2a + S5 = 09 we have or =s 2 a^ 5 k 
If a; — 3a+2ft±:25+a + 2fr, we have ^ as 25 + 4 a» 
If a? — 9 +6a = 25 +2a, we havea: = 34— i4a. 

496. When the equation which we have found has the form 

a a; == (, we only divide the two sides by a, and we ha?e rv = -. 

a 

But if the equation has the form aot'\'h — c = (I,we must first 
make the terms that accompany a x vanish, by adding to both 
sides *-^(4-c; and then dividing the new equation, a a? = d -— 

i + Cf by a, we shall have x = -H-JIlf . 

We should have found flie same value by subtracting -f 6 •*. c 
from the given equation ; that is, we should have had, in the 

same form,aa? = d—- i + c, and x = . Hence^ 

If 2a; + 5s=ir, we have 2a;rzl2, and 09=6. 
If 3 a;— 8 = r, we have 3 « s 15, and x=zS. 
K 4a? — - 5^— S a = 15 + 9^ we hcve4x=s BO 4- i2«,lmd, con- 
sequently, 07 = 5 + 3 a. 

497. When the first equation has the form -= I, we multipiy 
both sides by a, in order to have x:=iab. 



But if We have- +( — c = (^ we must first make ~ = cf — b 

fl a 

+ c^; after whielH wefiiidac = (d — b + c)a:=iad — ab + c» 
Let I op-^ S ae 4^ we bare ^ o^ sa 7» )md a; a 14. 
Let ^x— •l-f-fta33S«f<%we hare ^ a? s 4 -— Oy and x =r 

liCt r — 1 = flj we have ' . = a + If and a: = a a *— 1. 

498. When we have arrived at such an equation as -r- = c^ 

b 

we trst multiply by b, in order to have ax=zbCf and then divid- 
ing by a, we find a? = -^ 

If ^ '-« c = df we begin by giving the equation this form '-5 
b 

szd + c, after which we obtain the value o( axzsbd + bc, and 

a 

Let us suppose ^x — 4 :=: 1^ we shall have ^x^S, and 2 x 
= 15 ; wherefore a?:^ V, or 7|. 

If » X +1 = 5, we havc|a: = 5— .| = | J wherefore Sx ^ 
18, and a? = 6. 

499. Let^us now consider the case, which may frequently 
occur, in which two or more terms contain the letter x, either 
on one side of the equation or on both. 

If those terms are all on the same side, as in the equation x + 
^a?-f-5=:ll9we have a; -f ^ a: = 6,or 50^= 12, and, lastly, x=z4. 

Let a; + ^a; + |a7=44, and let the value of x be required : 
if we first multiply by S, we have 4a:+|a;=:132; then multi- 
plving by 2, we have 1 1 a:= 264 ; wherefore a: = 24. We might 
have proceeded more shortly, beginnin,&: with the reduction of 
the three terms which contain a?, to the single term y jp ; and 
then dividing the equation ya: = 44 by 11, we should have 
had 1^ 07= 4, wherefore x = 24. 

LK^t^x^ix + ^xzsl, w^ shall have, by rednctioB, ^x 
= I, and X = 2f • 
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Lety more generally^ a a; -— ft a? + c X = d ; this is the same as 

(a — J + c) ar = d, whence we derive x = -r-. — • 

^ ' ^ a— 0+ c 

ffOO. When there are terms containing x on both sides of flie 
equatioUf we begin by making such terms vanish from the side 
from which it is most easily done $ that is to say^ in which there 
ai*e fewest of them. 

If we have, for examplef the equation S or + 2 = a; + lOf we 
must first subtract x from both sides, which gives £ a; + 2 =: 10 5 
wherefore 2 or = 8, and a: = 4. 

lj^ix + A^9.0 — x; it is evident that 2a?-f4r=fi0; and 
consequently 2 or = 16, and a? = 8. 

Let a; + 8 = 32 — 3 or, we shall have 40? + 8 = 32 : then Ax 
= 24| and a? = 6. 

Let 15 — a: = 20 — 2x^ we shall have 15 +x = 20, and 
a: = 5. 

Let 1+^=5 — ^Xf weshallhave 1 +|a?=:5; after that 
|a? = 45 3a: = 8^ lastly, a; = | = 2 ^. 

If ^ — 7^ = 7 — 707, we must add ^ Xf which gives ^ = 1 4- 
^\ x; subtracting ^, there remains ^^ a; = j., and multiplying by 
12, we obtain 07= 2. 

Ifl| — |a: = ^ + ^a:,we add 4 a?, which gi ves 1| = ^ + 1 X. 
Subtracting \^ we have j- a? = 1^, whence we deduce x = 1tV= 
\i9 hy multiplying by 6, and dividing by 7. 

501. If we have an equation, in which the unknown number 
a; is a denominator, we must make the fraction vanish, by multi- 
plying the whole equation by that denominator. 

100 

Suppose that we have found — — 8 = 12, we first add 8, and 

X 

have — = 20 J then multiplying by or, we have 100 = 20 jp ; 

X 

and dividing by 20, we find x^5. 
Let ^-£±i=r. 

O?— 1 

If we multiply by o: — 1, we have 5a? + 3 = 7'a? — 7. 
Subtracting 5 a?, there remains 3 = 2 a: — 7. 
Adding 7, we have 2 a; = 10. Wherefore a? = 5. 
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50S. SometimeSf ako, radicid signs are fomid in equations of 
the first degree. For example, a number x below loa is re- 
qaired^ and such, that the square root of 100 — x may be equal 
to 8, or V(ioo— -a:) = 8 ; tfao square of both sides will be 100 
-~ a; = 64, and adding x we have 100 = 64 + a?; whence we 
obtain a; = 100 — 64 = 36. 

Or, since 100 — a? =: 64, we might have subtracted 100 from 
both sides ; and we should then have had — x =*-^ 36 ; whence 
multiplying by — 1, it? = 36. 



CHAPTER III. 

Of the Solution of Questions relating to the preceding chapter. 

503. ^stion I. To divide 7 into two such parts, that the 
greater may exceed the less by 3. 

Let the greater part = a?, the less wiU be = r — x; so that 
x=:7 — a: + 3, ora:= 10— .a?; adding x, we have 2ar=10; 
and, dividing by S, the result is n? = 5. 

Answer. The greater part is therefore 5, and the less is 2. 

^estion 11. It is required to divide a into two parts, so that 
the greater may exceed the less by b. 

Let the greater part = a?, the other Will be a — x; so that 
^zra — x + b; adding or, we have £ar = a +6; and dividing 

by2,a: = -^. 

Another Solntion, Let the greater part = a? ; and, as it ex- 
ceeds the less by b, it is evident that the less is smaller than the 
other by b, and therefore must be = a; — &. Now these two 
partsy taken together, ought to make a ; so that &x — 6 = a ; 

adding &, we have 2x=:a+b, wherefore x = J" , which is 

the value of the greater part i that of the less will be ^7" - — ft, 

a + 6 26 a — b 

OP — -^ —, OP — - — • 

2 2 2 

504. Quesfton III. A father, who has three sons, leaves tiiem 
1600 crowns. The will specifies, that the eldest shall have 200 
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crowis mors than the leooiid^ aad that ihe wbcmA fhall have 
100 crowns more than the yoangesL Beqnired the share of each? 
Let the diare of the third son =s jr ; then^ that of the secoai 
willhe=a:+100,and that of the first SOP -f 300. Now these 
three shares make 19 together 1600 crowns. We hav^ 
therefore. 

3 ;v -I- 400 =1600 
3apslS0a 
anda;=: 400. 
Anvwtr. The share of the youn^^est is 400 crowns ; that of 
the second is 500 crowns i and that of the eldest is 700 crowns. 

505. i^jusivm lY. A father leaves four sons, and 8600 livres; 
according to the wilU the share of the eldest is to be douhle that 
of the second, minus 100 livres ; the second is to receive three 
times as much as the third, minus &00 livres ; and the third is 
to receive four times as much as the fourth, minus 300 livres. 
Required, the respective portions of these four sons. 

Let us call x the portion of the youngest ; that of the third 
son will be = 4 07 — 300 ; that of the second = 12 a; *^ I100,and 
that of the eldest = 34 a? — 2300. The sum of these four shares 
must make 8600 livres. We have, therefore, the equation 41 x 
— 3700 = 8600, or 41 a? = 12300, and a? = 300* 

Jinswer. The youngest must have 300 livres, the third son 
900, the second 2500, and the eldest 4980. 

506. Question, Y. A man leaves 1 1000 crowns to be divided 
between bis widow, two sons* and three daughters. He intends 
that the mother should receive twice the share of a son, and each 
Son to receive twice as much as a daughter. Required, how 
much each of them is to receive ? 

Suppose the share of a daughter = «, tliat of a son is conse* 
quently = 2a7,and that of the w idow =: 4 ^; the whole inheritance 
is therefore Sa? + 4a7 + 4a?; so that 1 1 a? = 1 1000, and x == 1000. 

Jlnswer. Each daughter receives 1000 crowns. 

So that the three receive in all 3000 

Each son receives 2000 crowns. 

So that both the sons receive . 4000 

And the mother receives 4000 

Sum 11000 crowns. 
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, ^lestim Vlt A Tathcr intendst by liis will, tbat his 
three suns shniild slinre his property in the rollowing manner; 
the eldest is to receive 1000 crowns lesa than half the whole 
fortune ; the second is to receive 800 crowns less than the third 
of the whole projierty ; and (he IhinI is to have fiOO cmwns tens 
than tlie fourth of the property. Required, the sum of the whole 
tune, and the portion of each son ? 
jet us express the fortune by x. 

The share of the first son is ^ ,r — 1000 
That of the second ^ a: — 800 

That of the third ^x— 600. 

that t)te tbive sons receive in all jjr; + -j3;+Jx — 2 
this sum must be equal to x. 
Ve have, therefore, the equation ^ j i? — - S400 = x, 
iubtratingT, there remains, -^'^ x — 9400 = 0. 
Adding 2400, wo have -jV a; = 2400. Lastly multiplying by I 
the product is x equal to 28S00. 

The fortune consists of 28800 crowns, and 
The eldest of the sons receives 13400 crowns 
The second 8800 

The youngest ' 6600 

28S00 crowns. 

D8. Question TIL A father leaves four sons, who share his 
jterty in the following manner : 

^he first takes the half of (he fortune, minus SOOO Kvres. 
?he second takes the third, minus 1000 livres. 

B third takes exactly the Tourth of the property. 
?he fourth takes 600 livrcs, and the fifth part of the property. 
I^hat was the whole fortune, and how much did each son 
ive? 

;t the whole fortune be=a;,' 
The eldest of the sons will have ^ x — SOOO 
The second J a: — 1000 

The third ^x 

The youngest r^ + ^'^^' 

le Tour will have received in all ix-f^jr + ^t + y*- 
, which must be equal to x. 
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IVhence results the equation ^^ x •— S400 = x ; 
Subtracting x, we have ^l x — 3400 = ; 
Adding 3400, we have i^x^ 3400 ; 
Dividing by 17, we have ^j^x=:QOO; 
Multiplying by 60, we have x=: 12000* 
Answer. The fortune consisted of 12000 livres. 

The first son received SOOO 

The second 3000 

l*he third 3000 

The fourth 3000 

509» ^tstion VIII. To find a number such, that if we add 
to it its half, the sum exceeds 60 by as much as the number itself 
is less than 65. 

Let the number = a?, then x + j^x-^60ss6S — x; that is to 
say |a? — 60 = 65 — a? ; 

Adding x^ we have | a? — 60 = 65 ; 
Adding 60, we have | a? =r 125 ; 
Dividing by 5, we have | a; = 25 ; 
Multiplying by 2, we have x = 50. 
Answer, The number sought is 50. 

510. question IX. To divide 32 (nto two such parts, that if 
the less be divided by 6, and the greater by 5, the two quotients 
taken together may make 6. 

Let the less of the two parts sought = a;; the greater will be 

= 32 — x; the first, divided by 6, gives - $ the second, divid-* 
ed by 5, gives — ^^1- ; now, - -| ^^ = 6. So that multiply- 

o o o 

ing by 5, we have |a;-f32 — a? = 30, or --1-07 4-32 = 30* 
Adding | a?, we have 32 = 30 + ^ ^. 
Subtracting 30, there remains 2 = | a?. 
Multiplying by 6, we have a? = 12* 
Jinswer. The two parts are ; the less = 12^ the greater == 20. 

511. Questixm X. To find such a number that if multiplied 
by 5, the product shall be as much less than 40, as the number 
itself is less than 12. 

Let us call this number x. It is less than 12 by 12 — Xm 
Taking the number x five times, we have 5 x, which is less tha« 
40 by 40 »— 5 Xf and this quantity must be equal to 12 •— $• 
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We haTe therefore 40 — 5 jv = 12 — x. 
Adding Sx, we have 40 = 12 -f 4ii?. 
Subtracting IS, we have 28 =4 a?. 
Bividing by 4, we have a? = Tf the number sought. 

512. question XI. To divide 25 into two such parts^'^that the 
greater may cpntfun the less 49 times. ^ 

Let the less part be = a?, then the greater will be = 25 — x. 
The latter divided by the former ought to give the quotient 49 ; 

we have therefore — H— s 49. 

Multiplying by x, we have 25 — x = 49x. 

Adding d? 25 =50^. 

And dividing by 50 a? = |. 

Answer. The less of the two numbers sought is ^» and the 
greater is 24^ ; dividing therefore the latter by ^^ or multiplying 
by ;£, we obtain 49. 

513. questum XIL To divide 48 into nine parts, so that 
every part may be always | greater than the part which pre- 
cedes it* 

Let the first and least part = «r, the second will be = a?-f ^^ 
the third = a? -f 1, &c. 

Now these parts form an arithmetical progression, whose 
first term == 07 ; therefore the ninth and last will be=a;-f4. 
Adding those two terms together, we have 2 a? +4 ; Multiplying 
this quantity by the number of terms, or by 9f we have ISop -|- 
S6; and dividing this product by 2, we obtain the sum of all 
the nine parts = 9 j? -f 18 ; which ought to be equal to 48. TFe 
have, therefore, 9 ^r + 18 = 48. 

Subtracting 18, there remains 9 a? =: SO: 

And dividing by 9, we have a? = 3^. 

Answer. The first part is 3|, and the nine parts succeed in 

the following order : 

12S456r89 
Si + Sf+44+4f + 5^+5f+6|+6f + r4 

which together nialce 48. 

514. questmi XIIL To find an arithmetical progression, 
whose first term = 5^ last =10, and sum = 60. 

Here, we know neither the difTerencei nor the number of 
BnkMg. 22 
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terms ; but we know that the first and the last tern woold ena- 
ble us to express the sum oi* the projcressien* pro\ ided only the 
number of terms was given. We Bhall» therefore* suppose this 

number = x, and express the sum of the progression by — • 

now we know also that this sum is 60 ; so that —^ ss 60 ; \9 

= 4f and 0? = 8. 

Now, since the number of terms is 8, if we suppose the diflTer- 

ence = %, we have only to seek for the eighth term upon this 

supposition, and to make it = 10. The second term is 5 ^ «, 

the third is 5 + t%9 and the eighth is 5 + r »; so that 

5+r«s=10 

7«= 5 

and «= f 

Answer, The difference of the progression is fy and tht 

number of terms is 8 ; consequently the progression is 

12345678 
5 + 54 + 6«+7| + 7| + 8^ + 91 + 10 

the sum of which = 60. 

515. (fueatian XI Y. To find such a number, that if 1 be 
subtracted from its double* and the remainder be doubled, then 
if £ be subtracted, and the remainder divided by 4, the number 
resulting fleom these operations shall be 1 less than the number 
sought. 

Suppose this number z=x; the double is Qx; subtracting 1^ 
there remains 2 0? — 1; doubling this, we have 4x — 2; sub- 
tracting 2, there remains 4 0? — 4; dividing by 4p we have 
X — 1 ; and this must be one less than x ; so thatj 

a?— l=a? — 1. 

But this is what is called an identical equation ; and shews that 
X is indeterminate ; or that any number whatever may be subr 
stituted for it. 

516. Question XY. I bought some ells of cloth at the rate of 
7 crowns for 5 ells, which I sold again at the rate of 11 crowns 
for 7 ells, and I gained 100 crowns by the traflk« How much 
cloth was there ? 

Suppose that there were x ells of it ; we most first see how 
much the cloth cost. This is found by the following propo(tion ; 
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» If five f\]s coat 7 crowns j what du x ella cost ? 
' ^MWfr, 1 a; crowns. 



This 



B my expeii 



1(1 i tun 



Let 



US now see my receipt : 



nust make the follitn iiig prnportion ; as 7 ells nre to 1 1 cra^ 
•o are x eils to '^> x crowns. 

This rereijit ought to exceed the expetiditare by 100 crow 

E) have, tlierefoi-e. this equation, 
y a;= » ar+ 100; 
fiutitrartin,^ J x, rherc remitins -*-f x= 
Wlicrefore 6 j:=S500, and «=:,583^. 
•fffiswcr. Tliere wei-e 58S| ells, which were bought for 816$ 
jwns, and sold again for 9l6| crowns, by which means the 
profit was 1(W) crowns. 

SI7. ^lestian XVI. A person buys !2 pieces of cloth for 140 
crowns. Two are white, three are black, and seven are blue. 
A piece of the black cloth costs two crowns more than a piece of 
the white, and a piece of blue cloth costs three crowns more than 
a piece of black. Bt- quired the price of each kind ? 

Let a white piece cost x crowns ; then the two pieces of thia 
kind will coat S;X. Fui-ther, a black piece costing X + S, the 
three pieces of this colour will cost 3:^4-6, LasOy, a bhie 
piece costs a: + 5 i wherefore the seven blue pieces cost Tx + 
35. So that the twelve pieces atnotint in all to 13%'-|-4I. 

Now, the actual and known price nf these twelfe pieces ia 
140cmwn3; wc have, therefore, 12« + 41 = 140, and I2xs: 
99 ; wherefore a: = 8 J ; 

So that a piece of whi'e cloth costs 8^ crowns ; a piece of Mack 
cloth costs 101 crowns, and a piece ofblite cloth costs ISJcrown* 
SIS. ^utstiun HV II. A man, having bought some nutmegs^ 
says that three nuts cost as much more than one sous as four cost 
liim more than ten liards : Rerinired, the price of those nuts 1 
\Ve shall call x the excess of the price of three nuts above one 
sous, nr four liards, and shall say ; If three nuts cost x -f-4 
liards, four will cost, by the condition of the question, x + 10 
Mards. Now, the price of three nuts gives that of four nuts in 
wtlier way also, namely, by the rule of three. We make 3 : X 

. . a 4-'" + 'S 
4 = 4: Answer, — ~ . 
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Sothat^-^!^^^^s« + 10; or5 4j; + 16s3x+S0; where- 

fore x+ 16= so. 
and X = 14. 

Answer. Three nuts cost 18 liards, and four cost 6 song j 
wherefore each cost 6 liards* 

519. ^utsHjon XYIII. A certain person has two silv^ cups^ 
and only one cover for both. The first cup weighs 18 ounces, 
and if the cover be put on it, it weighs twice as much as the 
other cup ; but if the other cup be covered, it weighs three times 
as much as the first : Required, the weight of the second cup 
and that of the cover? 

Suppose the weight of the cover = x ounces ; the first cup 
being covered will weigh x + 12 ounces. Now this weight 
being double that of the second cup, this cup must weigh \x+^. 
If it be covered, it will weigh | a? + 6 ; and this weight ought to 
be the triple of 12, that is, three times the weight of the first 
cup. We shall therefore have the equation | a? -f 6 =; S6, or | :c 
= 30 ; wherefore -I a? = 10 and x = 80. 

SnTwer. The cover weighs 20 ounces, and the second cup 
weighs 16 ounces. 

520. Question XIX. A banker has two kinds of change ; 
there must be a pieces of the fii*st to make a crown ; and there 
must be h pieces of the second to make the same sum. A per- 
son wishes to have c pieces for a crown ; how many pieces of 
each kind must the banker give him ? 

Suppose the banker gives x pieces of the first kind ; it is evi- 
dent that he wiU give c — rv pieces of the other kind. Now, the x 

pieces of the first are worth— crown, by the proportion a : 1 :^ 
xi-z* and the c — ar pieces of the second kind are worth — ? — 

crown, because we have 6 : l sc — - a?: ^T^ > So that — h 

b a 

C'^x ^ hx ^ __ ^ 

— _=lj or +C*— a; = ft; or 6a;-fac^-aa?=: ao; or 

rather,6a7— «aa? = ab^-«ae; whence we have a: = —r— — » or 
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Conaef[Uent]j'> c~-x = 
(b- 



^swer. The banker will give 



ftc — ttft _ 6(c — <i) 
• h — a ~ b — a ■ 

^—'pieces of thefirat kind. 



Hfrht 



le second namber is found thus ; b —a: c — 



pieces of the second kind. 

Uemark. These two numbers are easily found by the rule of 
three, when it is requiied to apply the results which we have 

ohtaincd. To find the first wesay; b — a:h — c = a: °^ "? . 

b~~a ' 
It ought to be observed also that (t is less than b, and that c 
is also less than b ; but at the same tioie greater than a, as the 
nature of the thing requires. 

521. ^estion XX, A hanker has two kinds of change ; 10 
pieces of one make a crown, and SO pieces of the other make a 
crown. Now, a person wishes to change a crown into 17 
pieces of money : How many of each must he have i 

We have here a = 1 0, 6 = 20, and c = 17 ; which- furnishes 
the following proportions; 

I. 10 : S =: 10 : S, so that the number of pieces of the first 
kind is 3. 

II. 10 : 7 = S0 : 14> and thero are H pieces of the second 
kind. 

S2Q. (^stion XXI. A father leaves at his death several 
cbildi-en, who share his property in the fallowing manner ; 

The first receives a hundred crowns and the tcntli part of the 
remainder. 

The second receives two hundred crowns and the tenth part of 
what remains. 

The thii-d takes three hundred crowns and the tenth part of 
what remains. 

The foui-th takes four hundred crowns and the tenth part of 
.ttlien remains, and so on. 

Nuw it is found at the end, that the properly has been divid- 
ed equally among all the children, llequircd, how much it was, 
luw many diildren there were^ and how much each received I 
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lis qinstion is rather of a singular natare, and thersfore 
deserres particular attention. In order to resolve it more easily, 
we shall suppose the whole fortune = % crowns ; and since all 
the children receive the same sum, let the share of each s= Xf by 

which means the number of children is expressed by — • This 

beinj^ laid down, we may proceed to the solution of the qoestioD, 
which will be as follows. 
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i port) to be 

% 

^— 2a? 

« — 4a? 
%^^5 X 



a[r=100 4. 
a; =s flOO + 
a: = 300 + 
X = 400 + 
0^ = 500 + 
a: = 600-f 



z— 100 
10 



-200 



]0 
» — ^ — 300 



10 
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% — 4a>^00 
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X — 5x — f.00 
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100- 


a?-.100 ^ 

- 10 -^ 


100- 


dP— 100 ^ 
- 10 *° 


100- 


10 


(00- 


a^-ioo_ 



iO 



and so on. 



We have inserted, in the last column, the differences which 
we obtain by subtracting each portion from that which follows. 
Now all the portions being equal, each of the differences must 
be = 0. And as it happens that all these differences are express- 
ed exactly alike, it ^ill be sufficient to make one of them equal 

X'mmm. 100 

io nothings and we shaU have the equation 100 — « • 



10 



s:0. 



Multiplying by 10, we have 1000 —a? — 100 = 0, or 900 — sa 
= ; consequently x = 900. 

We now know, therefore, that the share of each child was 
900 crowns ; so that taking any one of the equations of the 
third column, the first for example, it becomes, by substituting 

2 100 

the value of or, 900 = 100 + — -r — , whence we ImmeAaiely 
<ibtain the value o{ %; for we have 9000 = 1000 + »— 100, or 
:9000ss900-f »; wherefore »ii^8100j and consequenfly- ss 9» 
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Amwtr. So that llie number of cliildres =9 ;<th».fitfteu 
left by ttiP father = SIUO crawoa ; and the share of each child 
s 900 crowns. 



CHAPTER IV. 
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Of the Mesoiutions of two or more Equations of the First Degree. 
323. It U'e<)ueiilly happeiis that we are uhllgnl to iittn)tluc0 
into algebraic calnilalioiia two or cnor'e uiikiiowii ([uanttties, 
represented by tiie Icttnw x,y, a; »nd if tlic qucBtion is ileMr- 
tBLnAte,-we are brought to the same tiumber at' p(]iiationa ; from 
vhich, it is then required to dediire the unldioffn quantities. 
As we ronstder, at present, those equations nnly which contain 
no powers or an nnknown quantity higher titan the fii-st, and no 
pruiiucts of two, or more unknown quantities, it is evident that 
these equations will all hnvo the r«rm ax+by + ex^d. 

524. Beginning, therefore, with two equations, wo shall en- 
ieavour to find from thetai the values of x and y. That we may 
consider this case in a general manner, let the two equations be, 
l.ax + by = c, and tl.fx+gy = h, in which a, b,c, anif^g, 
h are known mimbera. It is i-equired, therefore, to obtain, from . 
these two equations, the two unknown quantities x and y. 

525. The most natural mellif>d of proceeding wifl readily 
preeeut itself to the mind; which is to determine, from botli 
equations, the value of one of the unknown quantities, x for 
example, and to consider the equality of those two values j for 
then we shall have an equaiion, in which the unknown quantity 
^ will be found by itself, and may be iletermined by (he rules 
which we have already given. Kuowitrg y, «e have only to 
■ubstitute its value in one of the qoaiitiiics that express x. 

526. According to this rule, we obiain from the first equa- 
tion, X - 

tliese two values equal to one another, we have this new eqmo 
tion: 

« / 



— ^, and from the second, x = — ^^ ; stating i 
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multiplying by a, tbe product is c -— ft jf =s — ^££1; multiply- 

ing by/, the product is/c — fiy = ah-^agy; adding ag y» we 
have fc — fhy + agy^ahi subtracting /c» there remains 
—fby + agy^ah-^fc^ or (a g^bf)y=ah^fc} lastly, 

dividing by a^r — bf, we have y = Zibf 

In order now to substitute this value o( y in one of the two 
values which we have found of a?, as in the firsts where x= 

^^^^^^—^, we shall first have — 6ii=— r^; whencec— 6v 

= c . /, or c — Jy = — 2 =^ TT — — ^ = 

aeg — abh , ,. ... . c — 6y eg-^bh 

— - — r-T- : and dividing by a, a: = ^ = -^ — r-s- 

ag—bf ^ b / » ^ ag'-^bf 

527. Question h To illustrate this method by examples Irt 
it be proposed to find two numbers, whose sum may be = 15^ 
and difibrence =: 7* 

Let us call the greater number Xf apd the less y. We shall 
have, 

I. a; -f. y = 15, and IL a? — y = 7. 

The first equation gives a: = 15 — y, and the second xszT 
+ y; whence results the new equation 15 — ys=7-f-y. So 
that 15 = 7 + ^99 2y=8, andys:4; by which means we And 

X=zU. 

Answer. The less number is 4, and the greater is 11. 

528. (fuesHon IL We may also generalize the preceding 
question, by i*equiring two numbers, whose sum may be = a» 
and the difference = 6. 

Let the greater of the two be = or, and the less = y. 
We shall have L x +y=za, and IL a; — y = 6 ; the first 
equation gives x=ia — y ; and the second a? = ( + y. 
Wherefore a — y = 6 + y; qz=zb + 2y; 2y =: a— *(; lastly^ 

y = -— — , and consequently a; = a— y = a — ♦= — ^ — • 

Answer. The greater number, or or, is = , and the less, 

or y, is =s ~ , or which comes to the same^ xsz^a + ^b, and 
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y = |a — |b; and bence we derive the following theorem. 
Whtm Ae sum of any two numbers is u, and their difference is h, 
ike greater of Ue two numbers will be equal to half the sum plus 
ha{f the difference ; and the less of the two numbers wiU be equal 
to half the sum minus half the difference. 

529. We may also resolve the same question in the following 
manner ; 

Since the two equations are a? + y = ri^ and x — y = i ; if 
we add one to the other^ we have 2x=ia + b. 

Wherefore x = "; . 

Lastly^ subtracting the same equation from the other^ we have 

'£if = a — 6; wherefore y = —^^, 

530. Question IIL A mule and an ass were carrying burdens 
Amounting to some hundred weight. The ass complained of his, 
and said to the mule» I need only one hundred weight of your 
load, to make mine twice as heavy as yours. The mule answer- 
edy Tesy but if you gave me a hundred weight of yours» I should 
be loaded three times as much as you would be* How many 
hundred weight did each carry ? 

Suppose the mule's load to be a hundred weighty and that of 
the ass to be y hundred weight. If the mule gives one hundred 
weight to the ass, the one will have y + 1» and there will remain 
for the other x — 1 ; and since, in this case, the ass is loaded 
twice as much as the mule, we have y4-l = 2a7— «2. 

Further, if the ass gives a hundred weight to the mule, the 
latter has or + 1, and the ass retains y— 1 ; but the burden of 
the former being now three times that of the latter, we have 
ar + l = 3y— 3. 

Our two equations will consequently be, 

I. y + 1=2 or — 2, 11. a;+ I =Sy — 3. 

The first gives x = ^ ^ , and the second gives a; = 3 y — 4 ; 

^ I 

.whence we have the new equation ^ = 3y — 4, which gives 

y = y, and also determines the value of x, which becomes 2|. 

Answer. The mule carried 2| hundred weighty and the ass 
carried 2| hundred weight. 

Bui. Mg. 23 
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5S1. When there tre three vnknown nombeni, and as vaumj 
equations ; as, for example, I.a: + jf— «=», ILx+%'^fzsi% 
III. y + » — aE7=:10,we begin, as before, by deducing a vahio 
of X from each, and we have, from the !■*, ar — 8 ^.^.^y $ 
from the 11^, a?=:9+y — %; and from the lU^, xszy + 9i 
— 10. 

Comparing the first of these values with the second^ aad after 
that with the third also, we have the following equations | 
I. S+% — y = 9+y — »9 II* 8+«(-— ysy+tf— 10. 

Now, the first gives 2% — £ y = 1, and the second gives 2 y ss 
ISy or y = 9 ; if therefore we substitute this value of y in 2 cti — « 
Syazl, we have 2»— ^18sl, and 2«= 19f so that «;=: 9^; 
it remains therefore only to determine X9 which is easily foond 

Ql 

— .»3f. 

Here it happens, that the letter » vanishes in the last equatimi^ 
and that the value of y is found immediately. If this had noi 
been the case, we should have had two equations between » and 
y, to be resolved by the preceding rule. 

532. Suppose we had found the tliree following equations. 
]. Sx + 5y — 4%=zQ5f IL 5x — 2y + d»=s46^ 

III. 3y + 5!» — air=:62. 
If we deduce from each the value of x, we shall have 

25 — 5.V + 4* „ 46 + 2y— S« 

1.0? = ^ , II. a? = — :i— I 

III. x=Sy + 5% — 62. 
, Comparing these three values together, and first the third 

with the first, we have 3y + 5» — 62= liLZJLZ • myl, 

tiplj^ing by 3, 9y + i5% — 186 = 25 — Sy-f 4tf; so thai 

9y + i3« = 2il — 5y+4«, and 14y + ll« = 211 by the first 

and the third. Comparing also the third with tiie second, we 

46 4- 2 V -^ 3 z 
have 3y + 5» — 62 = — ^— ^1 , or46+2y — S»=15y 

+ 25% — 310, whirh when reduced is 356 = 13 y 4. 28 ^. 

We shall now deduce, from these two new equations^ tha 
value of y ; 

I. 211 = I4y 4. ll»; wherefore 14y = fill — ii», and 

211—11 » 
»=— [4 
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tn. 3M=l3ir + 2S2; wlwi-erure ISi/^SSG — 28«, and 

13 

I These two values form tJie new equation 

211 — II « SSfi — SSI 



14 13 ' 

which hecomes, 2743 — 143 « = 4984 — 392 », or «49 « = 224 1, 
whence s = 9. 

This value being subntitiited in one of tlie twu eijiiatinns uf y 
and %. we fjml ^ = 8 ; and lastly a similar substitution, in one of 
tite (liree values of x, will ^ve x='. 

533, If (here were more than tliree unknown quantities to he 
determined, and as Biany equations to be resolved, we sitnuld 
proceed In the same manner ; but the calculations would oflea 
prove very tedious. 

It is projier, tbereforci to remark, that, in each particular 
case, means may always be discovered of greatly racilitatiiig its 
resolulion. These means consist in introducing into tlie calcu- 
lation, beside the principal unknown quantities, a new unknonn 
quantity arbitrarily assumed, such as, for example, tlie sum of 
all the rest; and when a person is a little pra':tiscd in such cal- 
culations he easily perceives what is most pnipcr to do. The 
following examples may ecrvc to facilitate the application of 
these artifices. 

534. ^festfOH IV, Three persons, play together j in the first 
gamct the first loses to each of flio other two, aa much money 
as each of them has.' Jn'Ihe next* the second person loses to 
each of the other two, as much muney au they have already. 
I<at>tly, in the third game, the flrxt and tlie second person gain 
each, from the third, as much money as they had before. They 
then leave ofT, and find that th^y have all an equal xum, namely, 
S4 louis each. Required, with how much ihoney each sat down 
to play 'i 

Suppose that the stake of the first person was X louis, timt of 
the second y, and tiiat of the third s. Further, lot ds make the 
sum of all the stakes, ov x +tj + s, = s. Now, the first person 
losing in the first game as much money as tlm other two have, 
\M)tmi»-^x; (Ci>r tie himself having had .r, tlie two oliiera 
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must have had s-— :r); whererore there will remain to him 2x 
— s ; the second will have 2 y, and the third will have 2 »» 

So that, after the first game, each will have as follows | 
the I. 2 or — 8, the II. 2 y, the IIL 2 ». 

In the second game, the second person, who has now 2 y, loses 
as much money as the other two have, that is to say s — 2 y ; so 
that he has left 4 y •— s. With regard to the others, they will 
each have double what they had ; so that after the second game, 
the three persons have ; 

the I. 4 X — 2 8f the IL 4 9 — « 9, the IIL 4 c6. 

In the third game,^the third person, who has now 4 «, is the 
loser ; he loses to the first 4x — 2$, and to the second 4 y — s; 
consequently after this game the three persons will have ; 
the I. 8 or — 4 5, the II. Sy — 2«, the IIL S% — $• 

Now, each having at the end of this game 24 louis, we have 

three equations, the first of which immediately gives x, the 

second y, and the third % ; further, 8 is known to be = 72, since 

the three persons have in all 72 louis at the end of the last game ; 

but it is not necessary to attend to this at first. We have 

I. 8a:— 4s = 24, or 8 or = 24 -{- 4 s, orar = 3+|«; 

IL By — 2s = 24, or8y=24+2«, ory = d+^8; 

III. Sx — « = 24, or8» = 24+«, or«=3 + |5^ 

Adding these three values, we have 

x + y + a=z9 + is. 

So that, since x+y+% = 8, we have 5 = 9 + 1 s ; wherefore 
J. s = 9, and s = 72. 

If we now substitute this value of 8 in the expressions which 
we have found for x, y, and «, we shall find that before they 
began to play, the first person had 39 louis ; the second 21 loais ; 
and the third 12 louts. 

This solution shews, that by means of an expression for the 
sum of the three unknown quantities, we may overcome the 
difficulties which occur in the ordinary method. 

5S5. Although the preceding question appears difficult at first, 
it may be resolved even without algebra. We have only to try 
to do it inversely. Since the players, when they left off, had 
each 24 louis, and, in the third game, the first and the second 
doubled the money^ they must have had before that last game; 
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The 1. 18» the IL 12, and the IIL 49. 
In the second game the first and the third dovbled their 
money ^ so that before that game thej had ; 

The I. 6, the II. 42, and the IIL 24. 
Lastly, in the first game, the second and the third gained 
each as macb money as they began with ; so that at first the 
three persons had ; ' 

L 39, II. 21, III. 12. 
The same result as we obtained by the former solation. 

536. Question Y. Two persons owe 29 pistoles ; they have 
both money, but neither of them enough to enable him, singly to 
discharge this common debt : the first debtor says therefore to 
the second, if you give me | of your money, I singly will imme- 
diately pay the debt. The second answers, that he also could 
discharge the debt, if the other would give him 4 of his money. 
Required, how many pistoles each had ? 

Suppose that the first has x pistoles, and that the second has 
y pistoles. 

We shall first have, a? + ^ y = 29 ; 
then also, y -f- 1 oc =29. 
The first equation gives a; = 29 — | y, and the second, x =: 

j^ 9 so that 29 — I y = T~^" ^'*^°* ^^^ equation, 

we get y = 14| ; wherefore a; = 19-1. 

Answer. The first debtor had 19| pistoles, and the second had 
14| pistoles. 

537. Question Yh Three brothers bought a vineyard for a 
hundred louis. The yougest says, that he could pay for it 
alone, if the second gave him half the money which he had ; the 
second says, that if the eldest would give him only the third of 
his money, he could pay for the vineyard singly ; lastly, the 
eldest asks only a fouiih part of the money of the youngest, to 
pay for the vineyard himselL How much money had each ? 

Suppose the first had x louis ; the second, y louis ; the third, 
» louis ; we shall then have the three following equations ^ 
L ar+iy = 100. II. y + ^si = 100. 
IIL $0 +^ 07 =: 100 ; two of which only give the value of x, 
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namely^ I. a:=slOO — ^y. III. xssAOO — 4%. So that w« 
haye tbe eqaation, 

100 — I y = 400-^4 fl^, or 4% — | y = 300, which must bo 
combined with the second, in order to determine y and %. Now 
the second equation was y +^ ;t^s 100; we therefore deduce 
from ity=100-i— 4%; &nd the equation found last being 4 » 
— 1 9 = 300, we have y = 8 «; — 600. Consequently the final 
equation is, 

100 — |s=s8« — 600; so that 8|» = rOO, or y $6 = 700, 
and % = 84. Wherefore f = 100 — 28 = 72, and or = 64. 

Answer. The youngest had 64 iouis, the second had 72 louis^ 
and the eldest had 84 Iouis. 

538. As, in this example, each equation contains only two 
unknown quantities, we may obtain the solution required in an 
easier way* 

The first equation gives y =s 200 — 2 a; ; so that y is deter- 
mined by or ; and if we substitute this value in the second equa- 
tion, we have 200 — 2ar + -|%i = 100; wherefore •4;8s= 2 ;r^->« 
100, and isi = 6 a: — • 300. 

So that % is also determineil by op ; and if we introduce this 
value into the third equation, we obtain 6 a:-— 300 -{- ^ x = 100, 
in which a: stands alone, and which, when reduced to 25 or *« 
1600 = 0, gives X = 64. Consequently, y = 200 — 128 = 72, 
and » = 384 — . 300 = 84. 

539. We may follow the same method, when we have a greater 
number of equations. Suppose, for example, that we have in 
general ; 

I. i^+~ = n, IL x + ^=sn, III. y+ ? = «, 

lY. » + -1 = n ; or, reducing the fractions^ 

I. au + x=zan, II. ba; + y=in. III. cy+^szcn, 

IV. d^ + u=:dn* 
Here, the first equation gives immediately x=: an-^aUf 
and, this value being substituted in the second, we have a b n^^ 
a6u-fy=:&n;so that y=&n — abn + ahu;the substitution of 
this value, in the third equation, gives6cn—-a&cn-fa6cti-f.s? = 
en; wherefore » = c n — bcn+abcn-^abcU} substituting thi^ 



IB the fovrtli eqiMfioDf we hav e c d n •--- icdfli 4. a ft « tf n «-«at 

+ii=:dfi. Sothatdn— cdn + bedfi— aicdnsE— aicdtt + tc^ 

or (aftcd«— l)ttsaiedn7— ^edn + cdn — dn; iivhcnce we 

, ahedn — tcdn + cdn -^ */»! (aled— « fed + cd— d) 

nave u = 2 — •= n x ■ ■ ■ ■ ' '• 

abed -^ 1 ubcd •« 1 

Consequentlyf we ehall have» 

_«6cdn — aedn + adn — «« ^ (ahtd'^^atd + ad— «) 
*" ofed — 1 *" flftcd — 1 

^ abcdn — oi^dit + a^ — ^ (ofed «— o^ 4. aft -— 5) 

y~" a6cd— 1 ""**^ a6cd— I * 

* _ oftcdn— 'gfen + ben'^ en _ (aftcd— afe+ fe — c) 
"" abed — 1 "■ aocd — 1 * 

abcdn — bedn -|- f dn — dn (abed — bed + ed'^»d) 

^"" ofed — 1 -^^ o^ed—l • 

540. ^tstimi YIL A captain has three companies, one of 
Swiss, another of Swabians, and a third of Saxons. He wishes 
to storm with part of these troops, and he promises a reward of 
901 crowns, on the following condition ; 

That each sdidier of the company, which assaults, shall re- 
ceive 1 crown, and that the i*est of the money shall be equally 
distributed among the two other companies. 

Now it is found, that if the Swiss make the assault, each sol- 
dier of the other companies receives ^ of a crown ; that, if the 
Swabians assault, each of the others receives <} of a crown ; 
lastly, that if the Saxons make the assault, each of the others 
receives ^ of a crown. Required, the number of men in each 
company ? 

Let us suppose the number of Swiss ae = , that of Swabians 
s y, and that of Saxons = »• And let us also make x + y+o^ 
= 9, because it is easy to see, that by this, we abridge the caU 
culation considerably. If, thereFore, tlie Swiss make the assault^ 
their number being ot, that of the other will be 3 — x ; now, the 
former receive 1 crown, and the latter half a crown ; so that we 
shall have, 

«+!« — iaF = 90U 

We find in the same manner, that if the Swabians make the 
assault^ we have, 

» + T« — Ty = 901- 
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And lasfly, that^ if the^Saxons moant the assanlty we have, 

% + ^9 — ^% = 901. 
Each of these three equtions will enable ns to determine one 
of the unknown quantities or^ y^ « ; 

For the first gives a? = 1 80£ — s, 
the second gives d y = 3703 -^Sf 
the third gives dfi$ = d604— •«, 
If we now take the values of 6 or, 6 y, and 6 %f and vmte those 
values one above the other^ we shall have^ 

6 a: = 10812— .6 s, 
6y=: 8109 — 3^9 
6»= 7208 — 2 s, 

and adding ; 6 s = 26129 — 1 1 s, or 17 s = 26129 ; so 

that s = 1 537 ; this is the whole number of soldiers, by whjch 
means we find, 

a:= 1802—1537 = 265; 

2 y = 2703 — 1537 = 1166, or y = 583 ; 

3 « = 3604 — 1537 = 2067, or » = 689. 

Answer. The company of Swiss consists of 265 men ; (hat of 
Swabians 583 1 and that of Saxons 689. 



CHAPTER V. 

Of the Mesolution of Pure ^adroHc Equations. 

541. An equation is said to be of the second degree, when it con^ 
tains the square or the second power of the unknown quantity f with- 
out any of its higher powers. An equation, containing likewise 
the third power of the unknown quantity, belongs to cubic equa- 
tions, and its resolution requires particular rules* Thore are, 
therefore, only three kinds of terms in an equation of the sec- 
ond degree. 

1. The terms in which the unknown quantity is not found at 
all, or which are composed only of known numbers. 

£• The terms in which we find only the first power of the 
unknown quantity. 

3. The terms which contain the square^ or the second power 
of the unknown quantity. 
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So that X si^ifying an unknown quantity, and the letters Of 
h, Cf d, &c. representing known numbers, the terms of the 
first kind wUI have the form a, the terms of the second kind 
will have the form b x, and the terms of the third kind wtU have 
the form cxx. 

542. We have already seen, how two or more terms of tlie 
same kind may be united together, and considered as a single 
term. 

For example, we may consider the formula axX'^bxx + 
exx MB. single term, representing it thus (a^-^b + c) xx; 
since, in fact, (a— -6 + c) is a known quantity. 

And also, when such terms are found on both sides of the 
sign =, we have seen how they may be brought to one side, and 
then reduced to a single term. Let us take, for example, the 
equation, 

2xx — Sx + 4=z5xx — 8a?-f-ll; 
We first subtract ^xx, and there remains 

— Sx + 4z=iSxx^^^x + ll; 
then adding 8 x, we obtain, 

5x + 4=zSxx + ll; 
Lastly, subtracting 1 1, there remains 3a?a? = 5a? — 7. 

543. We may also bring all the terms to one side of the sign 
=, so as to leave only on the other. It must be remembered, 
however, that when terms are transposed from one side to the 
other, their signs must be changed."* 

Thus, the above equation wiU assume this form, Sxx^^5x + 
7 = 0; and, for this reason also, the following general formvla 
represents all equations of the second degree* 

axx ± bx±:C=iO, * 

in which the sign ± is read jflus or ndnuSf and indicates that 
such terms may be sometimes positive and sometimes negative. 

544. Whatever be the original form of a quadratic equation, 
it may always be reduced to this formula of three terms. If we 
have, for example, the equation 

ax + b ex +/ 
c J? + d gx +A 

* That is, the quantity thus transposed is added to or subtracted from djcih 
aide of the equation. 

Bid. dig. £4 
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we musty first, reduce the fractions^ multq^yingy for this por- 

fOBe^hjcoo + dfWQ have ax + hsz :: — — 1-^^*^ 

then hj gx + hf we have agxx + bgx + ahx + bhzseexic+' 
cfx + edx+fd, which is an equation of the second degreOf an& 
veducible to die three following terms, which we shall transpose 
by arranging them ip the usual manner : 

Oz=zagxx + hgx + ihf 
--^cexx + ahx — ■/ d, 
•^cfx, 

We majr exhibit this equation also in the following^ fora^ 
which is Htill more clear : 

Osz(ag — ee)xx + (bg + ah — c/«« ed)x + hh ^^fi. 

545. Equations of the second degree, in which all the tbr«9 
kinds of terms are found, are called compleie, and the resolution 
of them is attended with greater difficulties ; for which reason 
we shall Grst consider those, in wMch one of the terms is wanting^ 

Now, if the term x x were not found in the equaticm, il woald 
not be a quadratic, but would belong to those of which we have 
already treated. If t/u ierm^ which conUiins only known ftiinifef% 
were wanting^ the eqtiation waidd have this form, axxdrbxeOf 
which being divisible by x, may be reduced to a x :±: b = 0, wkieh 
is likewise a simple egnatiouf and bdongs not to tfie present class. 

546. But when the middle term, which contains the first power 
of Xfis wantingf the equation assumes this form, axxd::c=£0, or 
axx = =pc;a8 the sign of c may be either positive or negative. 

We shall call such an equation a pure equation of the aecond 
degree, since the resolution of it is attended with no difficulty ; Stat 

we have only to divide by a, whidi givesxx=z — ; and taking the 

square root of both sides, we find x = \ - ; by means of whidi the 

equation is resolved. 

5^7. But there are three cases to be considered here. In the 

first, when - is a square number (of which we can therefore 

really assign the root) we obtain for the value rfxa rofuwof 



m^vkkeTf whiieh may he either integer orfraetiond. For ^anipley 
Abe equation a;a?=144 gives «=12« And xxss^-^ giTot 

The second variety is when — is not a square, in which case 

we must therefore be contented with the sign \/. If, for example, 
«(r= t2f we have2^ = vi§9 the valae of which may be deter- 
mined by approximation, as we have already shown. 

c 
The third case is that in which — heconus a negative number; 

then the value </ x m altogether impossiUe and imaginary^nd this 
resM pr&aes ikat the question, which leads to such an e^ptaOan, is 
in itself impossible. 

548. We shall fdso observe before proceeding further, that 
whenever it is required to extract the square root of a number^ 
that root, as we have already remarked, has always ,two values^ 
tiM one positive and the other negative. Suppose we haroe the 
tfuahon x x s 46, tAe value ofx will be noftonly + 7, but (dso^^Tf 
which is expressed 6y^ x =r :±: 7. So that all those questions ad- 
mit of a double a afhswer ; but it wiU be easily perceived that in 
•everal cases, in those« for example, which relate to a certain 
Bumber of men, the negatiie value cannot exist. 

549. In such equations, also, as a a; a? = i a;, where the known 
quantity c is wanting, there may be two values of x, though we 
JM only one if we divide by or. In the equation or a? =? 3 or, for 
coumiple. In which it is required to assign such a value of ^, that 
XX may become equal to 3 a>, this is done by. supposing x ss^, 
a value which is found by dividing the equation by a? ^ but 
beside this value, there is also another, which is equally satis* 
factory, namely a? = o ; for tlien a; or = 0, and 3 a? = 0. Equa* 
dons, therefore, of the second degree, in general, admit rftwo solu- 
tions, whilst simple equations admit only of one* 

We shall now illustrate, by some examples, what we have 
said with regard to pure equations df the second degree. 

550. Question I. Required a number, the half of which mul* 
tiplied by the third may produce £4. 

Let this number = ar $ \x, multiplied by | x, must give 24 ; 
i?e ihafl therefore have the equation | ;c or = S4. 
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Multiplying by 6, we have or or = 144 ; and the extraction of 
the root gives a?= db 12. We put db ; for if a? ■■ + 12, we 
have 1^ = 6, and ^ a? = 4 ; now the product of these two num- 
bers is £4; andif T = — 12, ^*e have | a? =z — ^ 6, and|a7 = — 4, 
the product of which is likewise S4. 

551. Question II. Required a number such, that by adding 
5 to it, and subtracting 5 from it, the product of the sum by the 
difference would be 96. 

Let this number be x, then or + 5, multiplied by a?—* 5, must 
give 96 ; whence results the equation, xx — 25 =s 96« 

Adding 25, we have a? a? = 121 ; and extracting the root, we 
havea?=lK Thus 07 + 5 = 16, also x — 5 = 6^ and lastly^ 
6x 16 = 96. 

552. ^leslion III. Required a number such, that by adding 
it to 10, and subtracting it from 10, the sum, multiplied by the 
remainder, or difference, will give 51. 

Let or be this number; 10 + a?, multiplied by 10 — a?, must 
make 51, so that 100 —a? a? = 51. Adding xxf and subtracting 
51, we have xx=s 49« the square root of which gives XssT. 

553. ^estion lY. Three persons, who had been playing, 
leave off; the first, with as many times 7 crowns, as the second 
has three crowns^ and the second, with as many times 17 
crowns, as the third has 5 crowns. Further, if we multiply the 
money of the first by the money of the second, and the money 
of the second by the money of the third, and lastly, the money 
of the third by that of the first, the sum of these three products 
will be d830|. How much money has each ? 

Suppose that the first player has x crowns; and since he has 
as many times 7 crowns, as the second has 3 crowns, we know 
that his money is to that of the second, in the ratio of 7 : S. 

We shall therefore make 7 : 3 = ar, to the money of the 
second player, which is therefore ^ x. 

Further, as the money of the second player is to that of the 
third in the ratio of 17 : 5*,' we shall say, 17 : 5 = ^o; to the 
money of the third player, or to yY^ x. 

Multiplying x, or the money of the first player, by | Xf the 
money of the second, we have the product ^x x. Then |. or, the 
money of the second, multiplyed by the money of the thirds or 



Chap. 5. C^Eqitaium. 189 

^7 tt\ ^» fP"^^ i¥r ^ ^* Lastly» the money of the third, or 
Vtt^ rouUiplied by Xf or the nnoiiey of the first, gives ^jxx» 
The sum of these three products is | a? or + ^Yf ^ ^ + tVt^ ^ ^ 
and, reducing these fractions to the same denominator, we find 
their sum If ^ x x, which must be equal to ihe number 3B30|. 

We have, therefore, f^ xx^ S830|. 

So that VVt ^^ = ^ ^"^^^y ^^^ 1 521 a? a; being equal to 9572336^ 
dividing by 1521, we have a? a? =: 'YtVt' > '^^ taicin^; its root» 
we findx = ^77^* This fraction is reducible'to lower terms if 
we divide by 13; so thata;= >|* =r9-|; and hence we con- 
clude, that ^x=: 34, and ^Y^ a? == 10. 

Answer. The first player has 79-| crowns, the second has 34 
crowns, and the third 10 crowns* 

Remark. This calculation may be performed in an easier 
manner ; namely, by taking the factors of the numbers which 
present themselves, and attending chiefly to the squares of those 
fkctors. 

It is evident, that 507 = 3 X 169, and that 169 is the square 
of 13 ; then, that 833 = r x 119, and 119 = 7 X 17. Now we 
3 X l69 

have — — Tg xx=: 3830|, and if we multiply by 5, we have 

9 X ^69 

T7 — j-xx^ 11492. Let us resolve this number also into its 

17 x4y 

£Eu:tors ; we readily perceive* that the first is 4, that is to say, 

that 11492 = 4 X 2873 ; further, 2873 is divisible by 17; so that 

2873 = 17x169. Consequently our equation will assume the 

9 X 169 
following form ; -- — -^ a: a: = 4 x 17 X 169, which, divided by 

9 
169, is reduced to — — ^q a? ^ =4 x 17 ; multipljring also by 17 x 

4 V 389 X 49 

49, and dividing by 9, we have a? a? = g $ in which all 

the factors are squares ; whence we have, without any further 

calculation, the root x =s — ^ = — - = 79J, as before. 

554. ifuestian Y. A company of merchants appoint a factor 
at Archangel. Each of them contributes for the trade, which 
they have in view^ ten times as many crowns as thero aro part- 
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ners. The profit of the factor is fixed at twice aa many crowns 
per ctfdf as tiliere partners. * Forther, if we multiply the ^\j 
part of his total fpAn by Sf , the number of partners will be 
found. Required^ what is that number ? 

Let it be =ar ; and since, each partner has contributed 10 «^ 
the whole capital is = 10 «a?. Now, for every hundred crowns^ 
file factor gains Si?, so that with the capital of 10 a? a; his profit 
will be I or 3. The ^^^ part of tins gain is -^^^x* ; multiplying 

by d|, or by V» ^® '^^^'^ tIttt ^*» ^^ nT ^^> ^^ ^^ ^^^ i>e 
equal to the number of partners, or x. 

We have, therefore* the equation , j^ a;* = x, or x^ = 225 x ; 
which appears, at first, to be of the third degree i but as we may 
divide by X, it is reduced to the quadratic xx^9,%6, whence 
ap= 15. 

JlfMPUDtT. There are fifteen partners^ and each contributed 150 
crowns. 



CHAPTER VI. 

Of the ResdiUion of Mixt Egtiations of the Second Degree. 

555» Aar equaUom of the second degree is said to be mixU or cont' 
pUtCf* when three kinds (^ terms are found in it, namely, thai 
which contains the square of the unknown quantity, £m a x x ; thai, 
in which the unknown quantity is found oidy of the first power, as 
%x; lastly, the kind of terms which is composed only of known 
quantities. And since we may unite two or more terms of the 
same kind into one, and bring all the terms to one side of the 
sign =, the general form of a mixt equation of the second de- 
i;ree will be 

axxzpbx^p c=0« 

In this chapter, we shall show, how the value of or is derived 
Irom such equations* It will be seen that there are two methods 
of obtaining it« 

556. An equation of the kind that we are now considering 
may be reduced, by division, to such a form, that the first term 
may contun only the square or x of the unknown quantity x. We 

* Sometimes daUed also ftSected* 
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I slmll (care the second term on the same side with x, and tranft- 

I pose the kiiowo term tu the olher side »f the sign = . By these 

I means our equation will assume the lorm a;zttpa; = ±?, 

I in whirh p and q rejit'eseut any known numbers, positive or 

I negative; and the whole is at pfcsrut reduced to determining 

[ the !rue value ol'r. Wesiiall begin with remarking, that if a:* 

+p X were a real square, the resolutinn would be attended with 

no difficulty, because it would only be required to take the square 

root of both sides, 

557. But it is evident that or :r+p^ cannot be asquare; 
since we have already seen, that if a root consiits of two terms, 

for example, x + n, its square always contains three terms, 
nameljii twice tite product of the two parti, besides the square of each 
part ; thai U to say, llu sipmre of x + nwxx + 3nx + nn. Now 
we have already on one side xx + px ; we may, therefore, con- 
sider X X as ike square o/" the first pari of the root, and iu this aite 
p X must represent twice the product of x, the first part if the root, 
6y the second part ; conseq'ieutly, this second part must be ^ p, and 
in fact the square ^ x + ^ p, is found to &e x x + p x + ^ p p. 

558. JVow xx+px + Jp [I bfins a real square, which has for its 
root\ + \p, if we resuvie oiir equation xx+px=q, we have 
only to add ^ !» p (o both sides, which gives i*ixx + px + Jpp = q 
+ f P P* the first ^de being actually a square, and the other contain- 
ing only ktimim quantities. If, thtrefrre, we take the square root 
sf both sides, -ice find x + i p = vdpp + q) j ond subtracting ^ |i» 
we vbtain x = — J p + Vfi'pp + q) » '""^t as every square root 
may be taken either uffirmalivelif or negatively, we shall Itave fii^^m 
two vfUues fjrpressed thus ;* J^H 

559. This formula contains the i*ule by which all qtmdratic 
equations may be resolved, and it will be proper to commit it to 
memory, (hat it may not be necessary to repeat, every time, the 
whole operation which we have gone through. We may always 
arrange the equation, in such a manner, that the pure squars 
XX tuny he found on one side, and the above equation havej| 
forro .V .T+ px = q, where we see immediately that 
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560. The g;eneral rule, therefore, which \ee deduce from this^ 
ID order to resolve the equation afoezs — p or -f 9, is founded on 
this consideration : 

That the unknown quantity x is equal to half the coefficient^ 
or multiplier of or on the other side of the equation, jrfus or mum$ 
the square root of the square of this number, and the known 
quantity which forms the third term of the equation. 

Thus if we had the equation or or = 6 a? -|- 7, we sliould imme- 
diately say, that a? = 3 zfc %/9+7 = 3 ± 4, whence we have 
these two values of or, I. or = 7 ; 11. or = — 1. In the same 
manner, the equation 0^^7=1007 — 9, would give a7=5d= 
V^^--9 = 5 ±4, that is to say, the two values of x are 9 and 1. 

561. This rule will be still better oiiderstood, by distinguish- 
ing the following cases. I. when p is an even number ; IL 
when p is an odd number; and III. when p is a fractional 
number. 

I. Let p be an even number, and the equation suchf that x x 
= 2 p a? + g ; we shall, in this case, have a? = p zfc y/pp-^q. 

II. Let p be au odd number, and the equation xx^px + q; 

we shall here have a? = |pdb f— pp + 95 and since ^pp + i^ 
^^ ^ — ?, we may extract the square root of the denominator^ and 

write 07= tpdz^^^^^^^=P=*=^^^-^^^. 

III. Lastly, if p be a fraction, the equation may be resolved 
in the following manner ; let the equation be a or or = 607 -f c» or 

070?=-^ + —, and we shall have by the rule, x =1 



a a •" 2« 



4 



+ -. Now, -r — + — = — -p- , the denominator of 



4aa a 4aa a 4aa 

which IS a square ; so that x = 2L , 

562. The other method of resolving mixt quadratic equations^ 
is to transform them into pure equations. This is done by sub- 
stitution ; for example, in the equation xx^px+qf instead fji 
the unknown quantity x, we may write another unknown quan- 
tity y, such, that x = y + Ttp; by which means, when we havt 
distermined y, we may immediately find the value of x. 
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we make this Rubstitution of y+|;) instead o 
,_ . =yy +py + ippf a"*' P'* = 7'J/ + tPPJ consequently 4 
nequalion will become jy+py +\pp=py + ^PP + Qt wliichTf 
[jBrsl reduced, by 8ubtrai.ting;»y. liiyy+^pp = lpp + q; a'l'l 
itiien, by subtracting ijjp, toy j=^;(j) + (/. Tliia is a pure 

gtiadratic equation, wbich immediately gi¥esy = ±f-^p 

«oW, since a- = j + ^ p, we bave '>^ = tP± J^pp + q, as 

iwnd it befatv. We liave only, tlierefore, to illustrate this rule 
%y some examples. 

563. ^neslvml. There arc two numbers; one. exfceda tlie 
other by 6, and their pi-odnct is 91, What are those numbers 1 

If the less is x, the other isa:+ 6, and their product a; x-f 6 x 
:s91. Subtracting 6 a-, there remains ar a; = 91 — 6x, and the 
Wle gives x = — 3 ± v'9+9i= — 3 ± 10 { sothat ar = 7, and 
«B= — 13. 
k Answer. The question admits of two solutions ; 

By one, the less number ar is = 7, and the greater ar + 6 = 1 3. 

By the other, the less number x = — is, and the greater 
a; + 6 = — 7. 

564. Q^aestian II, To find a number such, that iT 9 he taken 
firom its square, the remainder may be a iiumber, as many units 
Weater than 100, as the number sought is less than S3. 

Let the number souglit = a: ; we know, (liat ;r.T — 9 exceeds 
100 by irx — 109. And since x is less than 23 by 23 
have this equation ; xx — 1 09 = 23 — x. 

Wherefore a: a: = — :i: + 132, and, by the rule. 



= Ji+'^^=-5±J'^ 



So that a:= II, and x = — IS. 

Jnsu-er. When only a positive number is required, 
number will be 11, the square of which minus 9 is IIS, and 
Consequently greater than 100 by 12, in the same manner as 1 1 
Uless than S.5 by 12. 

563. ^slion 111. To find a number such, that if we multi- 
its half by its tliird, and to the product ndd half the nunibu' 

[ulred, the result will be 30, 



I 
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Suppose that number = x, its balf^ inulti[died hj its thirds 
will make ^xx; so that J a: a: + i a: = SO. Multiplying by 6, 
we have xx + Sx^lSO,or xx=i — Sx + UO, wUch gives 



5 |9 .n^ 5^27 



Consequently a: is either = 12, or — 15. 

566. Question lY. To find two numbers in a double ratio to 
each other, and such that if we add their sum to their product^ 
we fnay obtain 90. 

Let one of the numbers = X9 then the other will be =x S or ^ 
their product also =2 07 0;, and if we add to this Sx, or their 
sum, the new sum ought to make 90. So that %xx + Sxz:i90 ^ 
20707 = 90 — Qx; 0:0: = — -|<r +45, whence weobtaia 

Consequently a? = 6, or — r|. 

567. (luesiiofi Y. A horse dealer* who bought a horse for a 
certain number of crowns, sells it again for 119 crowns, and his 
profit is as much per cent, as tlie horse cost him. Required^ 
what he gave for it ? 

Suppose the horse cost x crowns ; then as the horse dealer 
gains X per cent, we shall say, if 100 give the profit x ; what 

does X give ? Answer, -^. Since, therefore, he has gained — 

.and the horse originally cost him x crowns, he must have sold 

it for X + 7^77; wherefore x + -— r = 119. Subtracting x, 

07 X 

wehave-— - =— o: + 119| and multiplying by 100, we have 
0:0; = — 100 o? + 1 1900. Applying the rule, we find a? = ^— 

50 ± VSSOO + 11900 = — 50 ifc V144U0 = — 50 ± 120. 

Answer* The horse cost 70 crowns, and since the horse 
dealer gained 70 per cent, when he sold it again, the profit must 
bave been 49 crowns. The horse must have been, therefore^ 
«old again for 70 +49, that is to say, for 1 19 crowns. 

568. Question YI. A person buys a certain number of pieces 
of cloth ; he pays, for the first, 2 crowns ; for the second, 4 
crowns } for the third, 6 crowns, and in the same manner alwajs 



qfE^ 
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8 crowns noflre for each followmg piece. Now, dl the 
tagellier cottt him 1 10. How many pieces had ho ? 

Let the number sought = x. By the question the purcliRser 
|)aid for the dillei-cnt pieces of cloth in the following manner ; 
lor the i,2,S,A,5....X 
he paye; 2, 4, 6, 8, 10 .... 2 or crowns. 

It is thei-efore required to find the sum of the arithmetical 

progression S + 4-f-6-fS-flO-t* Sx, which consists of 

artermst tliat we may deduce from it the price of all tho pieces 
ef rluth taken together. The rule which we have already given 
for this operation, rerjuires us lo add the last term and the first ; 
.the sum of which iaix-i-^; if we multiply this sum hy the 
miinher of terms x, tlie product will he Sxx + ^x; if we lastly 
divide by the difTerenco 3, the c|uotient will beo' j;-f a', ntu 
ia the sum uf the progression; so tJiat we have ji;drnf-a^ = 
wherefore a; a: = — ^r + llO, 




and a 



^J-I 



+ 110 = 



= 10. 



;lo1^^ 



itnswer. The number of pieces of cloth is 10. 

S69. Ques/ijn Vli, A iieraon bought several pieces of clol 
for ISO crowns. If he liad received for the same sum 3 pieces 
mofe, he would have paid three crowns less for each piece ; 
Hew many pieces did he buy ? 

l^et UB make the number sought =ar; then each piece will 

have cost him — crowns. Now, if the purchaser had bad cv + s 

pieces for 1 80 crowns, each piece would have cost — — -r crowns ; 
and, since tliis price is less than the real price by three 
/we have this equation. 



a- + a x 
Multiplying hyj?, we have --:r5= ^^i 



3, we have — — -^ = Go — a- ; multiplying by x + 3 we have 
60iP=180+57.r— ;c*JlMldiBSa:»v, wo shall have ,r J? -f- 60 g 



dividing ^^H 
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= 180 + 57 « ; subtracting 60 x, wo shall hate » arss — 3 ir + 
180. 
The rale, consequently gives 

Jinswer. He bought for 180 crowns 12 pieces of cloth at 15 
croons the piece» and if he had got 3 pieces more, namely 15 
pieces for ISO crowns, each piece would hare cost only 19! 
crowns, that is to say, 3 crowns less. 

570. ^estion YIII. IVo merchants enter into partnership 
with a stock of 100 crowns ; one leaves his money in the part-' 
nersliip for three months, the other leaves his for two months^ 
and each takes out 99 crowns of capital and profit* "What pro- 
portion of the stock did each furnish ? 

Suppose the first partner contributed x crowns, the other will 
have contributed 100 — or. Now, the former receiving 99 
crowns, his profit is 99 — a*, which he has gained in three 
months with the principal x ; and since the second receives also 
99 crowns, his profit is or — 1, which he has gained in two 
months with the principal 100 — x; it is evident also, that the 

profit of this second partner would have been — ^^, if he had 

remained three months in the partnership. Now, as the profits 
gained in the same time are in proportion to the principals, wc 

S jc-^ 3 
have the following proportion, a?:99 — 07 = 100 — x : — - — • 

The equality of the product of the extremes to that of the 
means, gives the equation, 

= 9900 — I99x + xa:; 

Multiplying by 2, we have Sxx — Sx =z 19800 — 398 or 
+ Qxx9 subtracting 2 a? a?f we have xx — 3 a?= 19800 — 398 jc 
adding 3 a?, we have or or = 19800 — 395 x» 

Wherefore by the rule, 

395 . 1X56025 79200 [395 485 90 



J 



Answer. The first partner contributed 45 crowns, and the 
other 55 crowns. The first, having gained 54 crowns in three 



r 
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months, would have gained in one month 18 crowns ; and the 
second having gained 44 ciowtis in two months, would have 
gained 32 crowns in one month : now these pi-onts agree ; for, 
ir with 45 rronna 18 crowns are gained in one month, 33 
ci'onni^ wilUie gained in the same time with 55 crowns. 

sri. ^estion IX. Two giria carry 100 eggs to marliet; one 
had more than the other, and yet the Hum which they both re- 
ceived for tlicm was the same. The fii-st says to the accuiid, if 
I had liad jour eggs, I should have received 13 sous. Tlio 
other answers, if 1 had had yours, [.should have received 6| 
60US. Ilow many eggs did each rarry to market ? 

Suppose the first bad x eggs; then the second must have had 
100 — ;v. 

Since tlierefore the former would have sold 100 — .v eggs for 
15 sous* we have the following proportion ; 



100 — j: ; 1 5 = .r . . . . to - 



Also, since the second would have sold a- eggs for C| suns, V 
find how much she got for lOD — *■ eggs, by saying 

■ SO .„„ . 20(10— Ox 



Now both the girls received the same money ; we have con- 
■etjnentiy the equation, ~ — — = ; , which becomeji 



Z5xx = 200000 — 4000 x ; 
and lastly this, 

xw = — 160^ + 8000; 
vbence we obtain 



a?= ~ 80 + v'biOU + ouOO = — 80 + 120 = 40. 

Answer. The first girl had 40 eggs, the second had 60, and 
tach received 10 sous. 

572. qustian X. Two mf;rdiantfl sell earh a certain quantity 
of stuS"; the second sells 3 clLt moi-e than tlie first, and they 
received together 33 crowns. The firet says to the second, I 
should have got 24 crowns for yonr sluff; tlie other answers, 
and I should have got lor joura 12 crowus and a half. Ilow 
many ells had each? 

Suppose the first had X ells ; then the second must have had 
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««f3«lb. N0W9 since the first wovld hare sold « -|. 3 elle for 

S4 crowns^ he nmst have received — -j-z crowns For his x ells. 
And with regard to the second^ since he woidd have sold x elb 

for 1S| crowns, he most hate sold his or -f 9 ells foi#^ — ; 

24 X 25 X 4* 75 

so that the whole snm they received was 4^ - — = 55 

crowns, 
lliis equation becomes a^a:=: 20 0:^^75, whence we have 

0?= 10 it vioo — rs = 10 dt 5. 

Answer. Tlie question admits of two solutions ; according to 
the firsts the first merchant had 15 ells, and the second had 18 ; 
and since the former would have sold 18 ells for 24 crowns, he 
must have sold his 15 ells for 20 crowns ; the second, who would 
have sold 15 ells for 12 crowns and a half, must have sold bis 
18 ells for 15 crowns; so that they actually received S5 crowns 
for their commodity. 

According to the second solution, the first merchant had 5 
ells, and the other 8 ells ; so that, since the first would have 
sold 8 ells for 24 crowns, he must have received 15 crowns for 
bis 5 ells ; and since the second would have sold 5 ells for 12 
crowns and a half, his 8 ells must have produced him 20 crowns. 
The sum is, as before, 35 crowns. 



CHAPTER Vn. 

Of the Jf'ature of EqtiaHens tf ihe Second Degree. 

073. What we have already said sufficiently shows, that 
eqnations of the second degree admit of two solutions ; and this 
property ought to be examined in every point of view, because 
the nature of equations of a higher degree will bo veiy much 
illustrated by such an examination. We shall therefore retracOf 
with more attention, ttie reasons which render an equation of 
th6 second degree capable of a double solution ; since they un- 
doubtedly will exhibit an essential property of those equations. 
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574. We have already seen, it is true, that this dooMe win- ' 
tion arises from the cirrumstanrc that the square root of any 
Miimhcr nia)' be taken either positivelyt or negatively ; however, 
fts this principle will not easily apply to equations of higher 
degrees, it may be proper to illustrate it by a distinct analyaia. 
Taking, for an example, the quadratic equation, j:x = 12x — S5» 
we shall give a new reason for this equation being rcsolvible in 
two ways, by admitting for x the values 5 and 7, both of which 
satisfy the terras of the equation. 

575. For this purpose it is moA convenient to begin with 
transposing the terras of the equation, so that one of the sides 
nay become ; this equation consequently takes the iormxat 
_ISa^-fS3 = 0; and it is now i-equired to find a number 
such) that, if we substitute it for Jjtlie quantity a- j; — 1^^ + SS 
nay he really equal to nothing } after this, we sliall have to 
show how this may he done in two ways. 

5*6. Now, the whole of this consists in showing clearly, that 
a ^(imlitg of the Jbrm x x — 12 x + 35 may be amsiitcrcd as lite 
product of hvo factors ; thus, in fact, the quantity of which we 
speak is cnmpused of the two factors (x — 3) x {3: — '). For, 
since this qunntity mnst become 0, we must also have the pro- 
duct (x — 5) X ('"^ — *) = ; but a product, of wlialever number 
^factors it is composed, becomes = 0, only -when one nf those fac- 
tors is reduced to ,- this is a fnndamcntul principle to which wo 
must pay particular attention, especially when equations of ser- 
Aral degrees are treated of. 

S7T. It is therefore easily understood, that the product (x — 5) 
X (x — 7) iiifli; become in tivo xtfays : ojit, tvhcn the Jirst factor 
X — 5 = 0; the other, u'hen the second factor x — 7=0, In the 
frxt atsex.= 5,inlhe olker,-s = 7. The reason is, tlicrefore, 
very evident, why such an equation xx — i3^.fS5 = o, ad- 
mits of two solutions, that is to say, why we can assign two 
values of a; both of which equally satisfy the terms of the equa- 
tion. This fundamental principle consists in this, that the 
quantity :cx — 12 j' + SS may be represented by the product of 
two fuctors. 

978. The name circumstances are found in all equations of 
tbe second degree. Forj after having brought all tlte tenutoj 
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one sidCf we always find an equation of the following form x x 
— a 07 + 6 = 0, and this formula may be always considered as 
the product of two factors, which we shall represent by (at •— p) 
X{x — q)^ without concerning ourselves what numbers the 
letters p and q represent. Now, as this product must be = 0^ 
from the nature of our equation it is evident tliat this may hap- 
pen in two ways ; in the first place, whena7=ji; and in the 
second place, whenjr = 9; ^"^ these are the two values of x 
which satisfy the terms of tta equation. 

579. Let us now consideniie nature of these two factors, in 
erder that the multiplication of the one by the other may exactly 
produce xx^^ax + h. By actually multiplying them, we get 
XX — (p+9)^+p7; now this quantity must be the same as 
XX — a X -f &, wherefore we have evidently p -f g = a, and p q 
= b. So that we have deduced this very remarkable property^ 
that in every equation of the form xx — ax-fb=:0, the two 
values of x are mehf that their sum is equal to a, and their product 
equal toh; whence it follows that, if we know one of the values, 
the other also is easily found. 

580. We have considered the case in which the two values 
of X are positive, and which requires the second term of the 
equation to have tlie sign — , and the third term to have the 
sign -f. Let us also consider the cases in which either one or 
both values of or become negative. The first takes place when 
the two factors of the equation give a product of tliis form 
Qc — p) x(x + q) ; for then the two values of x are x=:p9 and 
ar = — g ; the equation itself becomes xx + (^q — p)x — p 5=0; 
the second term has the sign -f , when q is greater than p, and 
the sign — , when q is less than p ; lastly, the third term is 
always negative. 

The second case, in which both values of x are negative^ 
occurs, when the two factors are (x +p) x (x + q); for we 
shall then have or = — pandar = — q* the equation itself be- 
comes xx + (^p + q)x +pq=:Ofin which both the second and 
tiiird terms are affected by the sign -f . 

581. The signs of the second and the third term consequently 
sliow us the nature of the roots of any equation of the second 
degree. Let the equation be xx . . ..ax .... ft = o^ if the 
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second and third terms ha^e the sign -h ^^^ two values, of x are 
both negative ; if the second term has .the sign — , and the third 
term has +, both values are positive ; lastly, if the third term 
also has the sign — , one of the values in question is positive. 
But in all cases, whatever, the second term contains the sum 
of the two values, and the third term contains their product. 

582. After what has been said, it will be very easy to form 
equations of the second degree containing any two given values 
Let there be required, for example^ui equation such, that one 
of the values of x may be 7, and i^^^her — 3. We first form 
the simple equations a; = 7 and a? = — 3 ; thence these, x — 7 
= and 0? + 3 = 0, which gives us, in this manner, the factors of 
the equation required, which consequently becomes or a? — 4x — 
£1=0. Applying here, also, the above rule, we find the t^o 
given values of a:; for ifa;ar = 4a;-f £1, we have or = £ ± ^2S 
= 2 ± 5, that is to say, a?=7, or x=z — 3. 

583. The values of x may also happen to be equal. Let there 
be sought, for example, an equation, in which both values may 
be = 5. The two factors will be (x — 5) x(x — 5), and tlie 
equation sought will be a; a? — 10 a? -|- £5 = 0. In this equation, 
oc appears to have only one value ^ but it is because x is twice 
found =: 5, as the common method of resolution shows ; for we 
liave a?a?= 10 a? — 25 5 wherefore x= 5 db ^0"= 5 db 0, that 
iato say, x is in two ways == 5. 

584. A very remarkahle case, in which both values of x be- 
come imaginary, or impossible, sometimes occurs ; and it is 
then wholly impossible to assign any value for or, that would 
satisfy the terms of the equation. Let it be proposed, for ex- 
ample, to divide the number 10 into two parts, such, that their 
product may be 30. If we call one of those parts or, the other 
^ill be = t0 — Xf and their product will be lOo? — a:a? = 30; 
therefore a? a? =10 or — 30, and a; = 5dbv'^r^ which being 
an imaginary number^ shews tliat the question is impossible* 

585. It is very important, therefore, to discover some sign, 
ly means of which we may immediately know, whether an 
equation of the second degree is possible or not 

Let us resume the general equation ax^^xx + h=z 0. 
EuL JUg. £6 
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We shall have xx^ax — 6, and 



i 



This shows, that if & is greater than ^ a a, or 4 ( greater than a q, 
the two values of jt are always imaginarjp since it woold be 
required to extract the square root of a negative quantity ; on 
the contrary, if 6 is less than ^ a a, or even less than 0» that is to 
say, is a negative number, both values will be possible or real. 
But whether they be real or imaginary* it is no less true, that 

I^^nd 

»iflB[>di 
— • 6 0? + to = 0, for exampieTthe sum of the two values of a; must 
be = 6, and the product of these two values must be = 10; now 
we find, I. 07 = 3-1-^111^ and II. a?=:3— -v^HX quantities 
whose sum = 6, and the product = 10. 

586. The expression, which we have just found, may be 
represented in a manner more general, and so as to be apfdied 
to equations of this form,/a; xdzgx +h=zO ; for this equation 



they are still expressibl^^nd always have this property, that 
their sum is = a, and thei^B[>duct = b. In the equation x oP 



^. 



or 



X = — i. — ^^ — i^ ; whence we conclude that the two values 

are imaginary, and consequently the equation impossible, when 
^/^ ^s greater than gg^ that is to say, when, in the equation 
fx X — gx + hz=iO^ four times the product of the first and the 
last term exceeds the square of the second term : fur the product 
of the first and the last term, taken four times, is Ajhxx^ and 
the square of the middle term is ^ ^ a; .x ; now, if 4/A oi^xva greater 
than ^^0? a;, 4/ A is also greater than gg^ and in that case, the 
equation is evidently impossible. In all other cases the equa- 
tion is possible, and two real values of x may be assigned. 
It is true they are often irrational ; but we have already seen^ 
that, in such cases, we may always find them by approxima- 
tion ; whereas no approximations can take place with regard ta 
imaginary expressions, such as\/IIT; for 100 is as far from 
being the value of that root, as 1, or any other number. 

587. We have further to observe, that any qttantity of the 

second degree, x x =i= a x -b b, must always be resolvible into two 

factors, such as Qs dzp) x (ps dz q). For^ if we took three 
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factors^ such as these, we should come to a quantity of the third 
degree, and taking only one such factor, we should not exceed 
the first degree. , 

It is therefore certain that eroery equation of the second degree 
necessarily contains two values of x, and that it ean neithtr have 
more nor less. 

588. We hare already seen, that when the two factors are 
found, the two values of x are also known, since each factor 
gives one of those values, when it is supposed to be r= 0. The 
converse also is true, vi%. that wh^^^ have found one value of 
Xf we know also one of the factors Wme equation ; for if a? = p 
represents one of the values of x, in any equation of the second 
degree, x — p is one of the factors of that equation ; that is to 
say, all the terms having been brought to one side, the equation 
is divisible by 0? — p; and further, the quotient expresses the 
other factor. 

589. In order to illustrate what we have now said, let there 
be given the equation xx + 4x — 21 = 0, in which we know 
that 0? = 3 is one of the values of x, because Txl") + Tx? 
^^21=0; this shows, that ir — 3 is one of the factors of the 
equatioB, or that w»+4a: — SI is divisible by cr — S, which 
the actual division proves. 

*— ^3) a:a? + 4a? — £1 (x+7 

«« — 307 



7x — 2i 

7 a; — 21 



0. 
So that the other factor is a; -f 7, and our equation is repre- 
sented by the product (a? — 3) x (^ + 7) = ; whence the two 
values of x immediately follow, the first factor giving or = 3, 
and the other or = -^ 7. 



QUESTIONS FOR PRACTICE. 



^tmctians. 



SEOTIOl? I. CHAPTER 9. 

1. Reduce — and — to a common denominator. 

a c 



£ c X a b 

Arts. and — , 

ac a c 



2. Reduce -^ and to a common denominator. 

h c 

- ac . ab + h^ 
•ans» -r — and — r . 

DC be 

3. Reduce -^— ^ —, and d to fractions having a common de« 
. , n 9ca? 4ab . taed 

nominator. Jlns. ^ — , ^ — and -^ . 

v> a c oac oac 

4. Reduce -r^ -tt- and a A to a common denominator. 

4 3 a 

w3n5. rr;—, — -r— ,and -r . 

12 a' 12 a' 12a 

■r* 1 la* , x^ + a* 

5. Reduce ~, — » and ; — to a common denominator. 

2 3 X + a 

Sx + Sa 2a^ x + Qa^ 6^» + 6a» 
6x + 6a' 6x + 6a ' 6x+6a ' 

6. Reduce ^ ^ ^ "n~» *"^ —> ^^ * common denominator. 

2 a' 2 a a 

^ Sa^ft 2a3 c ^ 4a' c^ 
4 a'* ' 4 a* ' 4 a* 
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SECTION I. CHAFTEB 10. 



7. Required the prodact of ~ and ^. Jns. — . 

9 27 

8. Required the product of -, — -, and -^r-. Jlns. -— -. 

9. Required the product of — and ^ , ^ . .^. f— iiL^. 

a a + c a* + ac 

10. Required the product of -^ and -r^. wJiw. — ^. 

2 ^^ 26 

11. Required the product of -^ wB -^. wtfiw. ?-^. 

5 2a 5 a 

12. Required the product of -^, -^, and ^^. w3n». 9 aar. 

13. Required the product of ( -( — and — . Jins. —±~L^ 

ax X 

14. Required the product of ^ "" and %^ — . 

be + c 

Am. Tz — n— ?. 
6* c +6c« 

15. Required the product of xy "^ . and ^"" . .. 

d a ^h 

AnS. -5—; r. 

16. Required the quotient of -^ divided by -j^. Ms. 1 — . 

S 9 2 

17. Required the quotient of y divided by ^. Jns. —. 

18. Required the quotient of ^"^ "^ ^, ^ divided by «L±-L. 

2j?— 2o 5x+a. 

5ar« + 6flx+fl« 
'^'- 2a^-26» ' 

19. Required the quotient of - ,^ f * , - divided by — ^. 

9 X 
J9na 

m i 



20. 
21 



I. Required the quotient of — divided by -. Ms. — . 

o "^ IS 60 

. Required the quotient of ^ divided by 5 x. dns. ^. 



r. 
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fi2. Required the quotient of —^ divided by — . An$. ^^ -, 

X ^^" u 3 f? X X "^^ & 

2S. Required the quotient of y^ divided by —^ .Am. g-jj^. 
24. Required the quotient of , ^. — xTi" di^*^cd by 

-^— r-. .flM. Jf + — . 






SECTlfli^lL CHAFTEB 5. 



ct X 

25. Resolve into an infinite series. 



X* X^ X* 

"5"*' a« "*" o^ 



•dlt«. ^ + T + -• + -5> *^* 



26. Resolve — ; — into an infinite series. 

O + X 



_ h hx hx* 6x*.c 
Ans. r- .{ — + &c. 

or resolved into factors, 

ft ,^ a? X* jp* , ^ 
-X(l +-; • + &c.) 

a' 
sr. Resolve — --r- into an infinite series. 

X + 6 
28. Resolve : — •. — into an infinite series. 

1 X 



a» 



Ans. l+2x + 2x*+2a:»+S x*, &c* 
29. Resolve ; — r — r^ into an infinite series. 

(« + ^y 

2x 3x» 4x5_ 
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Shirds or Irrational J>nimher8. 

SECTION I* CHAFTEBS IQ, 19 ; and SEGTMN U. CHAPTER 8^ &C« 

30. Reduce 6 to the form of ^T* Jins. \/36^ 

31. Reduce a + 6 to the form of \/Tc0 ^w. \/a7TTaT+Tb7 

S2. Reduce ■ . ^-^ to the form of \/d* Ms. V t-iT- 

b y/c ^ bbc 

33. Reduce a' and o to the conurijk exponent -r* 

Til Til 

Jim. a \^, and ft*|^. 

34. Reduce v^s to its simplest form. Jins* 4 v^s*. 

35 Reduce Va' ar— a^xt to its simplest form. 

Ans» a\^ax — xx» 
s 

\gj /f4 A3 

36. Reduce . I to its simplest form. 

•i 

a . 3a6 I a 

3 ^ b — a 

37. Add v'e" to 2 v'S'J ***^ vF to \/50. ^ns. 3 ^/g"; and vos. 

38. Add \/4a and ^a* together. .5ns. (a + 2) Va. 

6 ^ cli 5 5 + c c 

39. Add -^ and -^* together. M. - ^ ~ * 



c 



40. Subtract via from %/«•• •***^- (^ — 2) Vo- 



41. Subtract-^ 



^ from H^- JJW. — T — Vir- 



42. Multiply yj^^hj ^f?^. .fliw. >/ 



da*<l 



3c " ^ 26 



43. Multiply vrf by v«A» •^*- V^*^**^^- 

44. Multiply ^40— .30? by ^ «• -^^^ V^lda » — 12a» or. 

45. Multiply -^ Va — X by (c — d) Voxl 



a c^ad 



Ms. — g-T — Va*a?-^ax». 



/ 



/ 






/ 
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46 Multiply Vo"— V^—VS" by v^a +\/r— \^. 

2 1 XX s m-— tt 

47. Divide a^ by o"* ; and a" by a*". •tfii«. o*'^^ and a . 

48. Divide — :r-r — Va^x—ax* by -rr Vo — x. 

^fw. (c — d) v'oxT 

49. Divide a^ *- ad — b+d vr by a — v^T 

^ w9n«. a + Vb"*— d. 

50. What is the cube 01^2"? Ms. ysT 

3 3 

51. What is the square of S v6 cs ? JSns. 9 c v^ c • 



52. What is the fourth power ^f yI^ 4r5 ^ 



t^YU. 



a« 



4 6* tt»— 26c + 6«)* 

53. What is the square of 3 + ^T ? Ans. 14 + 6 x/T. 

3 

54. What is the square root of a^ ? .^iis. a^ ; or \/a3. 

1 s 

55. What is the cube root of a 6* ? Am. abV^ ; or \/ab 5. 

56. What is the cube root of v^a* — x» ? Jhis. v«* — ^** 

57. What is the cube root of a* •— \/ax — x* ? 

Ans. Va« — ^ax — art. 

58. What multiplier will render a + y^T r^ional ? 

Ms. a — v^3". 

59. What multiplier will render y^ — ^bT rational ? 

Ans. Vo" + \/S". 
GO. What multiplier will render the denominator of the frac- 
tion —^ — =- rational ? Ms. s/f — v/a 

SECTION U. CHAPTER 12. 

61, Resolve \/a^ -f x^ into an infinite series. 

x^ x^ x^ 5jf8 



quiBium far JPradke. sm 

6S« Resolve s/TTl into an infinite series. 

•««»• 1+1-1+ Je-^'**^ 

63. Resolve \ a' — x* into an infinite series. ^ 

x« ar* PC* « 

f 

ii. Resolve \1— or' into an infinite series. 

.fl«l— - — -g.— -^,&e. 

65. Resolve >yH — x* into an infinite series. 

^* ar'* x^ 5ar* - 

66. Resolve — == into an infinite series. 

1 /r« S or* 15 a?« - 
a ^ »o* ^ 8a* ' 48a^ 

67. Resolve (a* •— o;')^ into an infinite series. 



!^l±f! i 



6^8. Resolve r "^"^ into an infinite series. 



«•■ x^ X* 



^ a» ^ 2 a* ^ 3 c* 

3 

69. Resolve ^ fr-:— : — ^TT into an infinite series. 






^fummation of MihmeHcal Progressions. 

SECTION III. CHAPTER 4. 

70. REquntED the sum of an increasing arithmetical pro- 
gression, having 3 for its first term, 2 for the common difierence^ 
and the number of terms 20. ^ns, 440. 

71. Required the sum of a decreasing arithmetical progres* 
EfuL Aig. St7 



\ 
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sion, having 10 for its first term, ^ for the common diflfisrence^ 
and the number of terms 21. Ans. 140. 

72. Required the number of all the strokes of a clock in 
twelve hours, that is, a complete revolution of the index. 

Jhis. 78. 

73. The f liicks of Italy go on to 24 hours ; how many strokes 
do they strike* in a complete revolution of the index ? •ins, 300. 

74. One hundred stones being placed on the ground, in a 
straight line, at the distance of a yard from each other, how far 
will a person travel who Aball bring thcin one by one to a 
basket, which is placed one yard from the first stone. 

Ms* 5 mites and 1300 yards. 

The greatest Common Divisor* 

SECTION III« CHAPTEB 6. — SEOTIOlf I. GHAFTBB 8* 

75. Reduce — =— ; — i— to its lowest terms. Ms. — =•• 

7^. Reduce ^ . ^ t — rTx to its lowest terms. Ans. r-r— • 

77. Reduce -- — — — - to its lowest terms. Ans. 5 — • 

78. Reduce —7 — --r to its lowest terms. Ans. ^ * , > 

79. Reduce ^ 5 — '^ — = =■ to itb lowest terms. Ans. ^ ,, 

on u I 5 a' + \Oa*x + 5a^x* . ., . ^. 

80. Reduce ^ ^ ^ aa»a;» + :^ax3 +0:^ to its lowest terms. 

Ans. /^' + ^^'^ . 
a*x + ax^ 4-x* 

Summation of Geometrical Progressions. 

SECTION III. CHAPTER 10. 

81. A SEEYANT agreed with a master to serve him eleven 
years without any other reward for his service than the pro- 
duce of one wheat corn for the first year ; and that product ta 
be sown the secaad year^ and so on from year to year til! the 
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end of the timet allowing the increase to be only in a tenfold 
proportion. What was the sum of the whole produce ? 

Ms. 111111111110 wheat corns. 

N. B. It is further required, to reduce this number of corns 

to the praper measures of capacity » and then by supposing an 

average price of wheat to compute the value of the coims in 

money. 

82. A servant agreed with a gentleman to serve him twelve 
months^ provided he would give him a farthing for his first 
month's service, a penny for the second, and 4d, for the third, 
&c. What did his wages amount to ? ^ns. 5S:5L Ss* 5^d. 

83. SessUf an /lu/tan, having invented the game of chess, 
showed it to his prince, w ho was so delighted with it, that he 
promised him an^ reward he should a^k ; upon whkh Sessa 
requested that he might be allowed one grain of wheat for the 
first square on the chess board, two for the second, and so on, 
doubling c<»ntinually, to 64, the whole number of squares ; now 
supposing a pint to contain 7680 of those grains, and one quar- 
ter to be worth !/• 7s. 6d. it is i*equired to compute the value of 
the whole sum of grains, dns. £64481488296. 

Simple Equations. 

SECTION IV. GiiAFTER 2. 

84. If rr — 4 + 6 = 8, then will a? = 6. 

85. If 4ar — 8 = 3a? + 20,thenwilla; = 28. 

86. If a 0! = a 6 *-^ a, then will x=ib — 1. 

87. If 2 0? + 4 = 16, then will x = 6. 

* 88. If aa: + 26a = 3c*, then willa?= — -—26. 

89. If -^ = 5 + 3, then will a:= 16. 

90. If ^ — 2 = 6 + 4, then will a:= 18. 

91. If fl — — = c, then will x = 



X ' " a — - c* 



92. If 5 a: — 15 = 2a? + 6, then will a?=r. 

93. If 40 — 6 re— 16=120— 14 a:, then will x= 12. 



kr 
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94. If -^— -I + 4= 10, then will a: = 24. 

2 3 4 

■ 95. If ^!^^ + -f = 20 — ^^=-^, then wiU a; =s 234. 

2 3 » • 

96. If E^a: + 5 = r, then willa: = 6. 

07. If x+ V«' + «• = f tl»en will a: = a [L. 

98. If 3aar+- — 3=sfta?~<i»thenwillag = ^ ~ ^i. » 

2 oa — 20 

99. If vSTi = 2 + V^ *cn will a: = 4. 

2 a* 1 

a« + y» =r J, then will y = -jr a v^ 

101. If J^ + ^^=16--^,thenwaiy==13. 

102. If Va? + \/a + a- = » then will a: = --. 

103. If \ a> + a* = V 6* + x\ then will a? = ^ ^ a* — ^• 

104. If 0?= V*** +«V6« +a7« — a,then willa: = — — «• 

128 216 

"'• I^ simi = sme* "•*" *"* *= '^• 
106. If ^^^::^ = j:::^^, then will « — 8. 

45 57 

i'^^- If 2^+3 = ilTTi' ^i"*" «^a» *= 6. 

108. If ^^-^ — = ^ T 9 then wM a: = 6. 

3 4 

109. If 615 or— 7 a:« = 48 a:, then will a: = 9. 

SECTION IV. CHAPTER 3. 

110. To find a number, to which, if there be added a half^ a 
third, and a fourth of itself, the sum will be 50. JSns. 24. 

111. A person being asked what bis age waS| replied that | 



.- » 

i ■" 
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of his age multiplied by y, of his age gives a product erinal to 
his age. Vi'liat was his age I Jins. 16. 

112. The sum of G6ol. was raised for a particular purpose by 
four persona. A, B, C, and D ; B advanced twice as much A ; 
C as much as A and B togetlier ; and D as much as B uml C. 
What did each coutr-ibute ? Jns. 60/, lS,Ol, 180/. and 3001. 

113. To find that number whose ^ part exceeds its \ part 
by 12. Ans. 144. 

114. What sum of money is that, whose 4 part, J part, and ■} 
part added together, amount to 94 pounds? A-is. 120/. 

115. In a mixture of copper, tin, and lead, one half of the 
whole — I6tb. was copper ; -J of the whole — 12/6. tin ; and ^ 
of the whole -f- 4/6. lead : what quiintity of each was there in the 
composition ? 

JIns. 138/6. of copper, 84/6. of tin, and 76/6. of lead. 

116. What numher is that, whose -J part exceeds its ^ by 7^1 

WfU. 540. 

1 17. To find two numbers in the proportion of e to 1 , so tiiat 
if 4 he added to each, the two sums aliall be in the proportion of 
S to 2. Jiis. 8 and 4. 

1 1 8. There are two numbers such that J of the greater added 
to \ of the less is 13, and if J of the less be taiien from 4 of the 
greater, the remainder is notliing; what are the numbei-s 1 

Ans. 18 and 13. 

1 19. In the comiwsition of a certain quantity of gunpowder -J 
of llie whole plus 10 was nitre ; \ of (he whole minus 4^ was 
sulphur, and the charcoai was | of the nitre — S. Uow many 
pounds of gunpowder were there ? Aus. 69. 

1£0. A person has a lease for 99 years; and being asked 
bow much of it was already expired, answered, thai two thirds 
of the time past was equal to four fifths of the lime to come : 
required the time past. Ans. 54 years. 

121. It is required to divide the number 48 into two such 
parts, that the one part may be three limes as much above 20 
as the other wants of 30. Ans. 39 and 16. 

1S3. A person rents 25 acres of land at 7 pounds 12 shillings 
per annum ; this laud consisting of two sorts, lie rents the belter 
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sort at 8 shillings per acre, and the worse at 5 : required the 
number of acres of the better sort. •dns, 9. 

123. A certain cistern, ^hich would be filled in 12 minutes 
by two pifies running into it, would be filled in 20 minutes by 
one alone. Required, in what time it would be filled b; the 
other al(»ne. Jins. 30 minutes. 

124. Required two numbers, whose sum may be s, and their 

proportion as a to 6. w3iw. — —t ana — —r. 

125. A privateer, running at the rate of 10 miles an hour, 
discovera a ship 18 miles off making way at the rate of 8 miles 
an hour ; it is demanded how many miles the ship can run be- 
fore she ^ ill be overtaken ? Ans. 72. 

126. A gentleman distributing money among some" poor 
people, found he wanted 10s. to be able to give 5s. to each ; 
therefore lie gives 4.^. only, and finds that he has 5$. left : re- 
quii*cd the number of bhillings and of poor people. 

Jins. ?5 ]Hior people, atid 65 shillings. 

127. There ai*e two numbers whose sum is the 6th part of 
their product, and tlic grealcr is to the less as 3 to 2. Required 
those numbers. Jins. 15 and 10. 

tAT. B. This question may be solved likewise by means of one 
unknown letter. 

128. To find three numbers, such that the first, with half the 
other two, the second with one third of the other two, and the 
third with one fourth of the other two, may be equal to 34. 

Jins. 26, 22, and 10. 

129. To find a number consisting of three places, whose 
digits are in arithmetical progression; if this number be divider 
by the sum of its digits, the quotient will be 48; and if from 
the number be subtracted 198, the digits will be inverted. 

Jns. 432. 

130. To find three numbers such, that ^ the first, ^ of the se- 
cond, and ^ of the third, shall be equal to 62 ; ^ of the first, ^ of 
the second, and | of the tiiird, equal to 47 ; and ^ of the firsts 
j- of the second, and ^ of the third, equal to 38. 

^ns. 24, 60, 120. 

131. To find three numbers such that the first with ^ of the 
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sum of the second and third shall be 12O9 the second with \ of 
the difference of the third and first shall be 70^ and | of the sum 
of the three numbers nhall be 95. .Ans. 50« 63, 75. 

132. What is that fraction which will become equal to ^9 if 
an unit be added to the numerator ; but on the contrary* if an 
unit be added to the denominator, it will be equal to ^ ? 

Jins. -ff 
. 133. The dimensions of a certain rectangular floor are such, 
that if it had been 2 feet broader, and 3 feet longer, it would 
have been 64 square feet larger i but if it had been 3 feet broad- 
er and 2 feet longer, it would then have been 68 square feet larg- 
er : required the length and breadth of the fioor. 

Ms. Length 14 feet, and breadth 10 feet. 

134. A person found that upon beginning the study of his 
profession | of his life hitherto had passe*' hefore lie commenced 
his education, \ under a private teach r, and the same time at a 
public school, and four years ^* the university. What was his 
age ? •^"«* 2 1 years. 

135. Tq find a number such that whether it be dividf^d into 
'- tw.,, oj. tiiree equal parts the continued product of the parts shall 

be equal to the same quantity. ^^* G|. 

136. There is a certain number, consistin.2: of two digits. 
The sum of these digits is 5, and if 9 be added to the number 
itself the digits will be inverted. What is the number ? 

Ans. Cfj. 

isr. What number is that, to which if I add 20 and from 4 of 
this sum I subtract 12, the remainder shall lie 10 ? Ms. 13. 

^ladraiic Equations. 

SECTION IV. CHAFFER 5. 

138. To find that number to whicli 20 being addiul, and fmm 
which 10 being subtracted, the square of the sum, addj?d to 
twice the square of the remainder, shall be 17475. Ms. 75. 

139. What two numbers are those, which arc to one another 
in theVatio of 3 to 5, and whose squares added together, make 
^r^QQ-i .^"■^. "l »"«' •'>•''• 
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140. The sum 2 a, and the sura of the squares 2 6| of two num« 
bers being ^ven ; to find the numbers. 

Am. a — v6 a* and « +\/b a* • 

^o divide the number 100 into two such parts^ that the 
81 '! . ir square roots may be 14. Arts. 64j^nd 36. 

i r find three such numbers, that the sum of tlie first 

and ultiplied into the tliirdy may be equal to 63 ; and 

the su- second and third, multiplied into the first equal 

to 28 ; ..-< . ' ' the sum of the first and third, multiplied into 
the secoif ' in. e equal to 55. Aim. 2, 5, 9. 

14S. 1i\' it ^ numbers are those, whose sum is to the 
greater as ) r ..- the difibrcnce of their squares being ISS t 

Am. 14 and 8. 
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